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Abstract

These notes are intended as a resource for myself; past, present, or future students of this course, and anyone
interested in the material. The goal is to provide an end-to-end resource that covers all material discussed
in the course displayed in an organized manner. These notes are my interpretation and transcription of the
content covered in lectures. The instructor has not verified or confirmed the accuracy of these notes, and any
discrepancies, misunderstandings, typos, etc. as these notes relate to course’s content is not the responsibility of
the instructor. If you spot any errors or would like to contribute, please contact me directly.

1 January 3, 2018

1.1 Euclidean space R"

Most postulates and theorems apply to any n-dimensional real vector space with a positive-definite inner product.
R" ={z = (x1,22,...,2p);2; e R,j=1,...,n}
Some properties of vectors in R"™ where x = (z1,...,24), ¥y = (Y1,--.,Yn), and t € R:

r+y=(@1+Y,-.., T+ Yn)
tr = (txy,..., tay,)
rt+y=y+zx
(z+y)+z=2+ (y+2)
s(tx) = (st)z

t0=0
0z =0
(t+s)x =tx+ sx

1.2 Euclidean inner product

An important additional structure on R is the natural Euclidean inner product (aka the dot product).
G RPx R - R

which can be written as z -y € R.
Dot products are billinear, symmetric, and positive-definite. Bilinearity means

(t+y) z=z-24+y-z
x-(y+z2)=x-y+x-2
(tx) -y == (ty) =t(z - y)

symmetric denotes
I‘ . y = y . x

and positive-definiteness means z - £ > 0 with equality <= z = 0.
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Definition 1.1. The dot product is defined for z = (z1,...,2z,) and y = (y1,...,Yn)

n
r-Yy= Zﬂ?kyk
k=1

Definition 1.2. The norm ||z|| of z € R™ (induced by some inner product (z,z) = z - x) is defined as

1.3 Triangle inequality
Proposition 1.1. Triangle inequality states

lz+yll <zl +yll Va,y €R"
To prove the above, we need the Cauchy-Schwarz Inequality.

Theorem 1.1. The Cauchy-Schwarz inequality states that

|-yl < [lzllllyl
with equality iff x = ty or y = tx for some t € R.
Proof. For the equality case, WLOG if z = ty
vy =ty-y=tly|?

= [¢lllylI*
= [lzllllyl

Let t € R. Note for all ¢
0< lz—tyl* = (. —ty) - (z — ty)

::L‘-:U—ty-:c—tx-y—l—to-y
= [l2l® + £[lyl* — 2t(z - y)

Thus we have
at? +bt+c>0 VieR

where a = ||y||?, b= —2z -y and ¢ = ||z||?>. Note there can exist at most one root (positive parabola where all values
are non-negative). For at? + bt + ¢ = 0 to have at most one real root (such that ¢ exists), we need b> — 4ac < 0
(from the quadratic formula).

Az - y)? < 4|z )Pyl
|-y < [l

If we have equality Jto such that at? + btg +c = 0 or ||z — toy||? = 0 so = = toy. O
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Corollary 1.1. The triangle inequality

lz + 3yl = (z+y) - (z +)
= l2ll* + 22 -y + [ly|I*
<l + 2l iyl + Iyll* = Al + ly1)?

where the last line follows from the Cauchy-Schwarz inequality.

Definition 1.3. The distance between two points x,y € R™ is defined to be

d(x,y) = [lz -yl

which satisfies the properties

d(l‘, y) = d(y’ I‘)
d(z,z) =0
d(xz,y) >0 with equality iff ==y

so we can restate the triangle inequality as d(z,y) < d(z,z) + d(z,x2) Vz,y,z € R™

1.4 Norms

There exists different "natural" norms on R"

Definition 1.4. A norm ||-|| on R” is a map
] R" = R0
such that
1 ||lz]| =0 <= z=0
2. [t = [ell]=]
3. Mz +yll < ll=ll + llyll

All inner products determine a norm but not all norms are from inner products. We saw that the dot product
determines a norm called the Euclidean norm.

! norm ||zl = Y- |7kl

P norm |z, = (325 [ox )

sup norm (aka [*° norm) ||z||c = max{|z1|,...,|zs|}

3=

One can see that [*° norm is a "limit" of {? norms as p — oo.
Note the [2 norm is the Euclidean norm.

Why are norms important? A norm determines a distance. For example
d(z,y) = [lz —yll

(all norms determine a distance but not all distances are from norms).
Distance is important to define a limit which is crucial for differentiability /integrability.
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1.5 Angle between two vectors

A corollary to C-S for z,y # 0
-y
B E 17
Define the angle 6 € [0, 7] between x and y to be

eI

cosf =

so we have another definition of the dot product
z-y = |lz[lly] cos b

We say z,y are orthogonal if 0 = § <= z-y=0.
Why is this the correct definition?

ly—zlI*=(y—2) (y—2)
= ||lz|* + |ly|* — 2z -y
= ||lz|I> + lyll* — 2||z||[|y]| cos

This aligns with the Law of Cosines ¢? = a? + b*> — 2abcos 6.

2 January 5, 2018

2.1 Linear maps

Definition 2.1. A map T : R" — R is linear if T" takes linear combinations to linear combinations i.e.

N N
T(Z tpvg) = ZtkT('Uk:) t;eR v; eR”
k=1 k=1

We will see linear maps are closely related to differentiability.
Some facts about linear maps: let ey, ..., e, be the standard basis.

n
r€R" = (z1,...,2p) = Zxkek
k=1
Let fi,..., fm be the standard basis of R™ where f; = (0,...,1,...,0) € R™.

m
yeRm: (yla"'vyn) :Zykfk
k=1
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Let T : R®™ — R™ be linear and let

y=Y wfi=T()=T(_ zer)
=1 k=1
= Zl’kT(ek)
k=1

=Y @D Awh)
=1

k=1
=> O Apxi)fi
k=1 1=1

By uniqueness of the expansion of a vector in terms of a basis (fjs) we conclude that
n
Yt :ZAlkxk l= 1,...,m
k=1

or in matrix form
Y1 AH e Aln I

We’ve shown that any linear map 7' : R® — R"™ is necessarily matrix multiplication
y=T(x)=A-z

for some unique m x n matrix A (with respect to some bases in R"” and R™).
The rule of matrix multiplication is automatic from the composition of linear maps. Let

T:R"—R™
S:R™— RP
y=T@x)=A-z mxn
2= S =By pxm

Therefore S oT : R” — RP? is linear.

(SoT)D _tror) = ST trvw))
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So we have

2= Byyj =Y B;(O Ajx:)
j=1 j=1 i=1
=Y ByAji)a

i=1 j=1
n
= E Cliz;
=1
where

z=(SoT)(z)=C-x pxn

Recall the space L(R™,R™) of linear maps from R™ to R™ is itself a finite dimensional real vector space of dimension
nm (isomorphic to R™™).

T e L(R",R™) <= A€ Mpxn(R)

where M, xn(R) is the space of real m x n matrices. There is a unique 1-1 correspondence between 7" and A (as
shown before).

2.2 Operator norm

Note one can define norm on matrices. The natural Euclidean norm for matrix A can be defined as

[All2 = Y. (Ay)?

i=1,....,m;5=1,...,n

Definition 2.2. The operator norm is defined for a 7' : R® — R"" linear map as
[T]lop = inf{C >0, [T (z)|| < Cllz]| vz eR"}
We need to show this norm is
1. Well-defined

2. [||lop is & norm

1. Show well-defined

So the norm is
|1T(x)||> = (A1 - 2)? 4 ... + (A - 2)?

< APl + -+ Al C-S
= (1AL + -+ A1) ]
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Case 1 Assume ||A7|2+ ...+ [|An|*> = 0.

JALP+ ...+ [An]? =0 < A= 0mxn
< T=0¢€c LR",R™)

Then T'(z) =0 Vz so |[T(z)|| < CJlz| holds VC > 0, thus the infimum of positive real numbers (0)
implies ||T'||op = 0.
Case 2 Assume [[A1]|? + ...+ ||4n %> > 0.

{C >0,|T(z)|| < C|lz| Vz € R"} is non-empty because \/[[A1]]2 + ...+ [|[4n]? is in there. By the
completeness of R, ||T|op exists and is > 0.

2. We've shown ||T'||op exists and is > 0 for all T' € L(R™,R™). It remains to shown [|T'||,p, is a norm:

(a) || T|lop = 0 only for the zero map
(b) [IATlop = [ATllop VA € R
(©) T+ Sllop < I Tllop + [ISlop

To see this, we note that since
[T]lop = inf{C >0, |T(x)[| < C|lz| VzeR"}

J a decreasing sequence c; > 0 such that |T'(z)|| < ¢lz]| Vo € R™ and limy_yo0 ¢t = ||T']|op-

Take limit as k — oo of the predicate in ||T']|,p.
IT(@)l < (lim cp)z]
—00
1T (@) < T Nlopll]
So we have

[T]lop = 0= |T(z)[ <O Va
=T(x)=0 Vx
= T =0¢ L(R",R™)

which proves (a).

AT Nop = IAITlop

follows from

IAT) (@)[] = AT ()]
=T @) v

IfFA=0,\T=0= |AT|lop = 0= AT op-
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If A0

AT [op = inf{C > 0, [[(AT)(2)]| < Cllz|[}
= nf{C >0, AT ()] < O[]}

C
—— ||
el

= [Ainf{C > 0, | T(x)|| < Cll=|}
= AT llop

— {0 > 0, | T()]| <

(@Y
I
> Q

which proves (b). (c) is similar.

3 January 8, 2018

3.1 Topology of R"

Topology is the study of closeness in a space.

3.2 Open and closed balls

Definition 3.1. Let x € R™ and r > 0. The open ball at radius r centred at x is denoted
Br(z) ={y e R" [ |lz —yl| <7}

It consists of all points in R™ whose distance from x is strictly less than r.

Center Radius

3D ball 2D ball 1D ball

Figure 3.1: Open balls in R, R?, and R3.
In R, B.(z) = (x —r,z + 7). In R3, B,.() is the interior of a sphere of radius r centred at z.
Definition 3.2. Let x € R", r > 0. The closed ball of radius r > 0 centred at = is denoted
Br(z) ={y e R" [ |lz —y[| <7}
Remark 3.1. The notation will be explained in the following class/section. Note that

B, (z) = By(z) U {points exactly at distance r}

Forn =1, By(z) =[x —r,x +r].

3.3 Open sets

Definition 3.3. A subset U C R" is called an open set (or open) iff Vo € U, 3r > 0 (r depends on z) such that

B.(x) CU.
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(Informally: a subset U is open if for every = € U, all points sufficiently close to = are also in U).

Figure 3.2: One can form an open ball for every point = in an open set U.

Example 3.1. Set that is not open

e [0,1] CR. Note: Ar > 0 for z = 1 such that B,(z) C [0, 1].
Sets that are open

e R" since x + € € R” by definition.

e o (vacuous: satisfied trivially @ has no points).

Proposition 3.1. An open ball is an open set.

Figure 3.3: An open ball is an open set (see proof below).

Proof. Let U = B,(z) and y € U = B,(x). We need to find some e > 0 such that B.(y) C U.
Let d = ||z — y|| < r since y € U = B,(x).
Let e=r—d > 0.
Suppose z € Be(y) thus ||y — z|| < e.
We thus have A
Iz =zl <llz =yl +lly -zl <e+d=r

So B.(y) C U hence U is open.

We can construct more from open sets.
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3.4 Properties of open sets
Lemma 3.1. 1. Let U, € R™ be open Ya € A (countably or uncountably many), then
Ut
acA
is open.

2. Let Uy,..., U be open (must be finite number of sets). Then

Uj

k
=1

J

is open.
Informally, arbitrary unions of open sets are open. Finite intersections of open sets are open.

Proof.

1. We want to show |J,c 4 Ua is open.
Let € Uyeca Ua so 3 some ag € A such that 2 € Uy, (holds since union of sets).
But Uy, is open so 3r > 0 such that B.(z) C Usy € Upea Ua-

2. Show x € ﬂ?zl Ujsox € Ujforall j=1,... k. Each Uj is open so Vj, 3¢; > 0 such that B, (z) C Uj.
Let € = min{ey, ..., e} > 0. Vj we have Be(x) C B, (z) C U hence Be(z) C ﬂ?zl U;.

Remark 3.2. Arbitrary (e.g. nonfinite) intersections of open sets need not be open (the min. of infinite
numbers is not well defined. An infimum of positive numbers need not be > 0 i.e. it could be 0).

Even intersection of countably infinite sets may not be open. Suppose Uy = (0,1 + %) CR Vk e N. Note
that (2, Ux = (0,1] is not open.

3.5 Closed sets

Definition 3.4. A subset F' C R" is called closed if F© =R\ F is open (note: this definition is based on open’s
definition).

Proposition 3.2. A closed ball B.(z) = {y € R" | |[y — z|| < r} is a closed set.

10
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Figure 3.4: A closed ball is a closed set (see proof below).

Proof. Let F = B,(x) and
FC=(Br(z))" ={y e R" [ ly —z| > r}

Let y € By(z)": need to find € > 0 such that B(y) C F¢.
Let d = ||z —y|| > r and let e = d —r > 0.
If z € B(y), then

AN
|z —yll < [z = 2zl| + [z =y
d<|z—zl+ |z -yl
|z — 2]l = d— |z -yl
>d—e=r

Hence z € F© so Bc(y) C F¢, thus F° is open and by definition F' is closed.

3.6 Properties of closed sets

Lemma 3.2. Note: this lemma is the inverse of the equivalent for open sets.

1. If Fy,..., F} is closed, then U§=1 F; is closed.

2. If F, is closed Ya € A, then (¢4 Fla is closed.

Finite unions of closed sets are closed. Arbitrary intersections of closed sets are closed.

Proof. By De Morgan’s laws

k k
(U Fpe=NF*
j=1 j=1
() Fo) = |J (Fo)
acA acA

11
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3.7 Neither open nor closed

A subset V of R™ need not be either open or closed. It can be open, closed, neither or both!
Example 3.2. Examples of non-exclusive open or closed sets are
e (0,1] C R - neither

e R™ & are open and closed

3.8 Interior

Sometimes a set is neither open nor closed, but there are always natural open (interior) and closed (closure)
sets which can be associated to any subset of R™.

Definition 3.5. Let A C R" (could be @).

A% =int(A) interior of A
= U \% union of all open subsets of R™ that are contained in A
VCA
Vopen in R"

Remark 3.3. 1. A°is open (arbitrary union of open sets) and A% C A

2. if V is any open subset of R™ that is contained in A, then V' C A° (A° is the largest open subset of R™ that is
contained in A)

3. Aisopeniff A=A

Proof. Forwards:

A is open and A C A thus A must be a V in the union, but since all V' C A° C A (where A is a V') then
A° = A.

Backwards:

A° = A. Since A° is open, A is open. O

3.9 Closure
Definition 3.6.

A= cl(A) closure of A
= ﬂ F intersection of all closed subsets of R” that contains A
FDA

Fclosed in R™
Remark 3.4. 1. Ais closed (arbitrary intersection of closed sets) and A D A
2. if F is any closed subset of R™ that contains A, then F' O A (A is the smallest closed set of R™ containing A)

3. Aisclosed iff A=A

12
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4 January 10, 2018

4.1 Closure of open ball is closed ball

Proposition 4.1. The closure of the open ball B¢(x) is the closed ball B.(z) (hence the notation).

Proof. Remember
Be(z) ={y eR" | [ly — = < ¢}

Let A = closure of B¢(z).

Let F'={y e R" | [lz — y[| < e},

We want to show A = F.

We know F is closed and F' D Be(x), so F' contains A: the closure of B(x) (any closed set containing another set is

in the intersection of the closure) or
F > AD B(x)

Suppose F' # A, then Jy € F with y ¢ A=y & Bc(x) so
lz -yl =e

(it’s sandwiched between the closed ball (< €) and the open ball (< €), so it must hold with equality with e by the
Trichotomy property).

/l T
/Y
7k
, vaw"
( ,(_":"‘7,:
A=A (o)
L T} b
1

Figure 4.1: The closure of an open ball is the corresponding closed ball.

A is closed and y ¢ A so A° is open and y € A°. So 3§ > 0 such that Bs(y) C A°.
Let ¢ > 0 with ¢ < min{0, €}.

Let
z=y+t @=y)
Iz —yll
(add ¢ unit vectors from y to z). Note that
Iz =yl =t <9

so z € Bs(y) C A°.

13
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Also
x—z:x—y—t($_y)
[ =yl
( —y)
= ([lz =yl — 1)
(e =yl =D =4i

where the left term is the norm of the vector and the right term is the unit vector.
Thus
|z =zl =lllz—yll —t| =le—t| =e—t <e

So z € Be(z) C A, but we assumed z € A° which is a contradiction.
So we must have F' = A.

Remark 4.1. There is a much simpler proof of this using sequences and limit points.

4.2 Boundary
Definition 4.1. Let A C R". We define the boundary of A denoted 0A = bd(A) to be

A =bd(A) ={x € R" | Be(z) N A # &,Bc(x) N A°# & Ve >0}

That is, x € 0A iff every open ball centred at x contains a point in A and a point in A°€.
Clearly

OBe(z) = {y e R" [ ly — 2| = ¢}

= 0(Bc(x))
4.3 Characterization of boundary
Proposition 4.2. Let A C R", then

DA =74\ A°
=cl(A) \ int(A)

Proof. The following two claims and proofs revolve around complements of sets and how if set A intersect a set B

is the empty set, then A is a subset of B¢.

Claim 1

r€A << B(x)NA#Z Ye>0
Proof. Forwards:
Suppose x € A but Jeg > 0 Bc(z)NA = 2.
So Be(x) C A° = (B(z))° D A.
Since (Be())¢ is closed, then (B(x))¢ D A (by remark (2) after closure definition).
So AN B(z) = @, but « € Be(x) = x € A, which is a contradiction.

Backwards:

14
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We prove the contrapositive
r € A= B(x)NA=2 Je>0

Assume z ¢ A = x € (A)° which is open, so Jeg > 0 such that B, (x) C (A)°. Therefore B, (z) N A =@
(where A D A), which proves our claim). O

Claim 2
x g A° < B(x)NA#4 2 Ve>0

Proof. Forwards:
Suppose x € A°. Assume (for contradiction) Jey > 0 such that
B, (v) NA° =@ = Be,(x) CA

(nothing in A€, thus all in A).

Ergo z € (A°)°¢ and B, (x) C A° (since B¢, (z) is an open set contained in A - remark (2) after interior
definition).

So Be,(z) N (A°)¢ = @ but x € Be,(z) N (A°)¢ which is a contradiction.
Backwards:

(Contrapositive): suppose x € A°. A° is open so Je > 0 such that
B (x) CA°CA

80 Be,(z) N A° = @ for some €y > 0. O

Putting the claims together:

r€A & B(x)NA#2T Ve>0 (1)
2 € (A%° <= B(z)NA AT Ve>0 2)
x€IA <= (1)+(2)
> x € AN(A°)°=A\ A°

4.4 Sequential characterization of limits

Definition 4.2. Let (x) be a sequence of points in R™, k € N. We say (z) converges to a point z € R™ iff for
any € > 0, 3N € N (N depends on € in general)

k>N = |z, —z| <e

(i.e. for any € > 0, all the elements of sequence zj, after some k = N are within € of z).

15
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Figure 4.2: All points after kK = N for a converging sequence is within e.

If (xy) converges to x, we denote

lim z, =z
k—o00

where z is the limit of x;.

4.5 Uniqueness of limits

Lemma 4.1. Suppose limy_, o z = z and limy oo 2 = y. Then x = y (i.e. a sequence may not converge, but if it
does the limit is unique).

Figure 4.3: Sketch of proof with x # y (see below).

Proof. Suppose x # y, so || —y|| =€ > 0.
Since (zy) converges to x, IN; € N such that & > N; and
€

- <
law — ol < 5

Similarly for y &k > N».

16
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Suppose k > max{Ni, Na}. Then

A
lz =yl <llz— 2| + |zr — ¥yl
< 6+€ o
2T~ ¢

So x = y by contradiction. O

4.6 Neighbourhood

Definition 4.3. Let 2 € R™. A subset U € R" is called a neighbourhood (n’h’d) of z if 3¢y > 0 such that
B, (r) CU.

For every open neighbourhood U of x, there should exist an open set B
of % such that B is contained in U.

Figure 4.4: U is a neighbourhood of z since there exists an open set B of x contained in U.

(Equivalently, U is a n’h’d of # <= U contains an open set containing z.)

Definition 4.4. An open n’h’d of x is any open set containing z. (A set is an open n’h’d of x if it contains x and
all points sufficiently close to x).

Lemma 4.2. Let (x) be a sequence in R™. Suppose limy_,o z) exists and equal z € R™. Then any n’h’d of z
contains all x’s for k sufficiently large, i.e. if U is a n’h’d of , 3N € N (N depends on U) such that

k>N=ux,€U
Proof. U is an’h’d of x so dep > 0 such that B.(x) C U.

Since limg oo 7 = x, IN € N such that k > N = ||z — x| < egso xx € Be(x) CU Vk > N. O

5 January 12, 2018

5.1 Relationship between convergent sequences and open/closed sets

Recall: 1 € A < B (z)NA#3 Ve>0.

Proposition 5.1. Suppose z € A. Take % > (0. From above: 3z € A such that ||z —z|| < %7 then limyg_,oo 2 = .
Proof. Let € > 050 3N € Nsuch that 4 < € (Archimedean Principle). Vk > N, + < & < eso |zg—z| <  <e. O

To summarize, if z € A, then 3 a sequence (zx) such that limg ooz =xand 2, € A Ve N.

17
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What about the converse?
Proposition 5.2. Suppose zj, € A, limy_oo 2 =« and z, € A Yk € N. Then z € A.
Proof. If not, x € (A)¢ so Je > 0 such that B.(z) C (A)°. But 3N € N such that

k> N = xj € B(x)

and so zj € (A)°. But from our hypothesis we have x;, € A C A which is a contradiction. Thus z € A.
O

(i.e. whenever () is a convergent sequence of points all of whose elements are in A, then the limit is in A).
Special case: If A is closed (A = A) then if () — x and z3, € A Vk then x € A; this is not true for open sets A.

5.2 Bounded and Cauchy sequences
Definition 5.1. A sequence (z) in R™ is called bounded if 3M > 0 such that

lzsl| < M VEeN

(that is: all the xj’s lie in some closed ball By (z) centred at 0).

Definition 5.2. A sequence (zy) is called Cauchy if for any € > 0 there exists an N € N such that
k0> N= |z, — x| <e

(eventually all points in the sequence are close to each other).

5.3 Convergent <= Cauchy
Proposition 5.3. Let (zj) be a convergent sequence. Then (zy) is Cauchy.
Proof. Let x = limg_, o xx. Let € > 0, then 4N such that

€

= < 5

If k,Il > N then
A € €
i~ < o —ll + flo —aall < S+ £ =
O

Recall from MATH 147: In R every Cauchy sequence converges (equivalent to completeness of R or the real
line). We show Cauchy converges in R™ in assignment 2 by showing that each j-th component 29 converges then
by the completeness of R this follows for R™.

5.4 Convergence implies bounded

Lemma 5.1. Every convergent sequence is bounded.

Proof. Let x = limy_,o xf. Let My = ||z|| + € for € > 0. Then 3N such that

E>N= |z, —z| <e

18
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™

1]

i Hxif

R\

Figure 5.1: Convergent sequences can be bounded by the limit and € and finite points in the sequence.

Note that N
k>N = ok < llog — 2l + |2 < e+ =] = Mo
Thus we let M = max{||x1]|,...,|[[zn-1]], Mo} then ||zx|| < M Vk e N. O

Note: not every bounded sequence is Cauchy. Consider x;, = (—1)¥*! is R, which is bounded but not convergent.
Can we find a weaker statement that’s true i.e. given a bounded sequence, can we somehow obtain from it a
convergent sequence?

5.5 Subsequences

Definition 5.3. Let (x;) be a sequence in R™. Let 1 < k1 < ko < ... < ke < ker1 < ... be a sequence of
1,2,3,4,.... Then the corresponding sequence (y;) (or (z,)) in R™ given by y; = zy, is called a subsequence of

(k).
Example 5.1. The subsequence given by k; = 2l — 1 (odd numbers) is
(w91—1) = @1, 23,5, . ...
Proposition 5.4. Suppose (zx) — . Then any subsequence (xy,) of (x)) also converges to the same limit z.

Proof. Let € > 0. 3N € N such that [ > N then ||z; — z|| < ¢, but k; > [ (since each k. must be strictly larger
> ke—1), so ||z, —x|| <€ VI> N hence limy, o0 1, = . O

Note: A sequence (z) that does not converge can have
1. Subsequences that don’t converge (e.g. k; =1 so x, = ;).

2. Distinct subsequences with different limits.

For example, zp = (71)]‘3‘H which is 1,—1,1,—1,..., we can have two subsequences
zo_1 = (-D)*=1,1,1,... (z91—1) — 1
zoy = (1)1 =—1,-1,-1,... (z91) — —1

5.6 Bolzano-Weierstrass (B-W) Theorem

Theorem 5.1. In R", every bounded sequence has a convergent subsequence.

Remark 5.1. This convergent subsequence is not unique. We’ll see in the proof that we make many arbitrary
choices.
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Proof. By induction on n.
Case n = 1: Let (x1) be a sequence in R that is bounded. So IM > 0 such that |zx| < M VkeN <= x4 €

[—M, M].
_"\»5"’} — o fM

Figure 5.2: I is the interval of our bounded sequence in R.

Define

I =[-M,M]=[-M,0]U [0, M]
At least one (maybe both) of [-M, 0] and [0, M] contains zj, for infinite many values of £ (the xj’s could initially be
all in one side then infinitely many in the other, or the x;’s could jump back and forth so both would have infinitely

many).
Let I, denote the one with infinitely many. That is x € Is for infinitely many x;’s. Note that

I, C L

a+b a+b
h=lt= 20"

0]

Again, at least one of these halves contains infinitely many x’s. Let I3 be that one.

Keep subdividing in this way and choosing a half which contains xj, for infinitely many k’s. We have
length 1 = 2M
length Io = M

M
length I3 = -

2M

length I; = o1

moreover,

112122"'216216+12"'

and each I; contains xj for infinitely many values of k.

We can thus choose some x, € I1, 2, € Io,..., 2, € I; VI€ N where 1 <k <hky <...<ke<ker1 <.... This
is possible since there are infinitely many z;’s in each interval.

We claim:

1.
ﬂ I, # o
=1

and in fact contains exactly one point .

Note that
I; = [ag,by] for some a; < by
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and also
LDoDhpn=a<a<aqp <bp1 < <b Vi

(i.e. either endpoints move inwards for each successive interval).

So (a;) is an increasing sequence bounded by by, therefore Ja such that lim; oo a; = a and a; < a < by Vi.
Similarly (&;) is a decreasing sequence bounded by a1, so 3b such that lim; oo by = b and a; < b <b; Vi.
We have a; < by VI. Taking the limit we have a < b (limit can only be guaranteed with potential for equality).

ar <ap<ap1 <a<b<by <b <b
Note that

0<b—a<b —a =length(l;)

2M
:F%Oasl%oo

hence a = b (call this x).

By construction x = a ="b € [a;,b)] = I; VI so
o.)
x € ﬂ I
=1
so there exists an element. Suppose y € (2, I; then z,y € I; VI and

2M
]x—y|§F Vi=z=y (asl— o0)

lim zp, = x
l—00

Assume zy, € [ and € I; VI (from claim 1). So

2M
\xkl—x|§F—>Oasl—>oo

thus limy_,oc 21, = .

The above two claims prove the theorem for n = 1.
Now suppose the thoerem is true for n, we show it is true for n + 1.

Let (z)) be a bounded sequence in R"™, so 3M such that ||z;|| < M Vk.

We write g = (21,232, ... ,xZH) where 27, is the j-th component of vector z;, € R" 1.

So
gl = Jop? + [2* + .. + |2 P + 2P < M? (5.1)

Define a sequence (y) in R™ as the first n components of xy,
yp = (Th, ..., T}

therefore ||yx|| < M Vk by equation 5.1.
By the inductive hypothesis, 3 a subsequence (yg,) of (yx) that converges to some point z = (z!,...,2") € R™
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Consider the sequence (leH) in R! (TODO(richardwu): why can’t we just use (z"') here instead?). By

equation 5.1, |£CZZ+1| <M VI, so (leH) is a bounded sequence in R. By B-W for n = 1, 3 subsequence (:L’Z;rl)
J

that converges to some z"t! € R.

Consider the subsequence (yx, ) of (y,), which also converges to (zl,...,2") € R™
J

Soxp —a%asj—oofora=1,...,nanda=n+1

J
Thus the sequence zy, — x as j — oo.
J

Remark 5.2. We used the IH/B-W on the first n components and then the n 4+ 1 component to find corresponding
convergent subsequences. In order to “meld” them together, we needed to take the subsequence of either subsequence
(to have a 2-level subsequence) to ensure it converges for the same k;,’s as the other 1-level subsequence.
TODO(richardwu): see the above TODO for why we don’t just take k;’s instead of k;,’s.

6 Janaury 15, 2017

6.1 Connectedness

Definition 6.1. Let F be a non-empty subset of R™.
We say F is disconnected if there exists a separation for E. A separation of F is a pair U,V open sets in R™
such that

1. ENU # @
2. ENV # @
3. ENUNV =0

4. ECUUV

Figure 6.1: F is disconnected since there are open sets U,V that form a separation.

Note that U NV need not be empty, but it must be disjoint from FE.
(intuitively a set is disconnected if it is more than one piece).

Definition 6.2. F is connected if A any separation of E.

Remark 6.1. Connectedness and disconnectedness do not apply to <.
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6.2 Is R" connected?

(Yes it is).
Suppose 3 a separation of R™ of open sets U, V such that

1.

dAUNR"=U
d#VNR"=V

which implies U, V' both non-empty. Furthermore

UNnVnNR*"=UNV=yg
which implies U,V are disjoint.

R*CUUV CR"
soR"=UUV. Since UNV =@, then U=V and V¢ =U.

-y
<

Figure 6.2: Sketch of what disconnected R™ would look like.

This would mean U,V are both non-empty subsets that are both open and closed and U,V # R" (since they
are non-empty disjoint).

In other words, if AU such that U # 0,U # R™ and U is both open and closed, then U,V = U¢ gives a separation
of R™.

We'll see (next class) that A a separation of R™ for any n, so the only subsets of R™ that are both open and closed
are g, R™.

6.3 [0,1] is connected

This is an example of a connected subset in R and will be used next time to prove R" is connected and more.

Theorem 6.1. Let E = [0,1] C R. Then F is connected.
(Aside: in fact: any interval [a,b], [a,b), (a,b], (a,b) in R is connected and these are the only connected subsets in
R i.e. connectedness = interval).

23



Winter 2018 MATH 247 Course Notes 6

JANAURY 15, 2017

Proof. By contradiction.
Suppose [0, 1] is not connected. 3 a separation U,V open subsets of [0, 1] where

1. UN[0,1] # @
2. VNI[0,1] # @
3.UNVN0,1]=92
4. [0,1]cUuUV

7 L

. v
=

ik
=

P“ﬁ;j

o

Figure 6.3: Sketch of U,V open sets as (potential) separation for [0, 1].

WLOG 0 € U. Since U is open and 0 € U, Jep > 0 such that B, (0) = (—e€p,€9) C U.
WLOG, ¢ < 1 so [0,60) cUun [O, 1].
Define t( as

sup{e € (0,1) | [0,e) CUN]0,1]}

note: the above is a non-empty subset of R since ¢y is in the set. It’s bounded above by 1, so the supremum or %,

must exist.
We have 0 < ¢g <9 < 1soty€ (0,1], thus tg € U or ty € V.

Case 1: tg € U Since U is open (all open sets have some open ball around every point) 3§ > 0 such that

(t0—5,t0+5)§U

(6.1)

WLOG § < tp but 0 < tg — § < tp so by definition of ty (as supremum), 3¢ > 0 with ¢g — § < € < ¢y such that

0,6) CUNO0,1]

(6.2)

Combining equation 6.1 and 6.2 (joining the two intervals together since we do not know if either separately

are in U), we have
(0,20 +0) CUNJ0,1]

We have two subcases:

to < 1 Then we can shrink § > 0 further to ensure to +0 <1 (§ < 1 — tp).

(6.3)

Then 0 < tp+ 0 < 1 and [0,t9 + ) C U N[0, 1] which contradicts ¢y as the supremum.
to = 1 This implies U N[0, 1] = [0, 1] by equation 6.3 but then V' N[0,1] = @ (since UNV N[0,1] = @), which

is a contradiction since V' must be non-empty.

Case 2: tg € V Since V is open 3¢ > 0 such that
(tO _Cat0+<) g \%
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WLOG ¢ <ty but 0 < t9 — ¢ < tp so by definition of ¢y (as supremum) 3¢ > 0 with tg — { < € < ¢ such that
[0,6) CUNJ[0,1] (6.5)

(it’s U since that was the set ¢ty was defined with).

Pick s € (tp — (,€). Then s € U N[0, 1] by equation 6.5 but also s € V' N[0, 1] by equation 6.4, which is a
contradiction.

By the contradiction of the two cases above, [0, 1] is connected. O

7 January 17, 2017

7.1 Convex sets
Definition 7.1. A non-empty subset E of R" is called convex if whenever x,y € E then

tr+(1—tyye E Vtel0,1]

i.e. the line segment between any 2 points in F is contained in F.

Non-convex
Convex set on-convex-set

Figure 7.1: Convex and non-convex sets in R2.

7.2 Convex = connected

Corollary 7.1. Any convex subset E of R” is connected. This implies two corollaries:
Corollary 7.2. R” is connected Vn since R" is trivially convex.

Corollary 7.3. The only subsets of R™ that are both open and closed are @, R" (see the remark about R"
connectedness from above).

Proof. Let E be convex and suppose E is not connected. 3 open subsets U, V' such that
L.L.UNE#g
2. VNE+#o
3. UNVNE=9g

4. ECUUV
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Figure 7.2: Suppose convex E is not connected and there exists a separation U, V.

Let x e UNE and y € V N E (therefore x # y since U NV N E = &). Since E is convex,
tr+(1—t)ye B Vtelo1]
Define U’, V' subsets of R" by
U={teR:tz+(1-t)yeU} Vi={teR:tz+(1-t)yeV}

(note: U’, V' is not restricted to elements [0, 1]: ¢ could extend arbitrarily into E°).
Claim: U’, V' are open subsets of R. Let tg € U" so zg = tg+ (1 — to)y € U. Since U is open in R™ Jeg > 0 such
that Be,(z¢) € U. We pick ¢t € R such that

€0

[t —to] < 0
el + Tyl

then

Bey (o) = [[(tz + (1 = t)y) — mol| = [[tz + (1 = t)y — tox — (1 —t0)y||
= [t = to)x + (to — )yl

AN
< [t —tol (||| + lyll)
< €

But Be,(x0) C U so if |t — tg] < Ty then t € U’ (we want our choice of ¢ to imply t € U’).

B€0 (tO)
e
Similarly, V' is open.

Thus here are the properties of U’, V’. They are both open in R and

C U’ so U’ is open.

1. U'N[0,1] # & (since 1 € U’)
2. V'N[0,1] # & (since 0 € V')

3. U'Nnv'ni0,1] =2

Given some ¢ € [0, 1] (since tz € (1 —t)y € E from convexity), note that either ¢t € U’ from tx + (1 —t)y € U
ort € V' from tx+ (1—1t)y € V (we know from before that U NV N E = & thus this must hold for the subsets
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uLv.
4. [0,1] CU UV’

If t € [0,1], then z =tex + (1 —t)y € E so z € UUV from before, so z € U or z € V, thus by their definitions
teU orteV’'.

Then U’, V' is a separation for [0, 1], which is a contradiction. Thus E is connected. O

Remark 7.1. In general, to prove a set E is connected it is generally easier to assume it is not connected and
there exists a separation, then derive a contradiction.

7.3 Open cover and compactedness

Definition 7.2. Let E be a subset of R”. An open cover of F is a collection of open subsets U, o € A of R"
such that

Ec|JUa
a€cA

(finite or infinite union of open subsets).

Definition 7.3. The subset F is called compact iff every open cover of E admits a finite subcover.
That is: if | JU, « € A is an open cover of E, then 3 a finite subset Ag of A such that

Ec |J Ua
acEAy

Informally, whenever a compact E is covered by a collection of open sets, it is actually covered by just finitely many
of those open sets.

Remark 7.2. This definition is not very useful for checking if a subset is compact (because you would have to
check every open cover of E).

7.4 Bounded sets
Definition 7.4. A subset £ C R" is called bounded if 3M > 0 such that £ C By(0). That is ||z|| < M Vz € E.

8 January 19, 2018

8.1 Heine-Borel theorem

Theorem 8.1. Let E be a subset of R". E is compact iff E is both closed and bounded.
The following proof uses the density of rationals.

Proof. Step 1: Suppose E is compact. We want to show that F is bounded.
Let Uy = Bi(0) = {z € R" | ||z|| < k}. Uy is open Vk, thus Uy C Ui41 Vk € N. Therefore

o
EC UUk:R”
k=1
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{Ug, k € N} is an open cover of E. Since E is compact, 3 a finite subcover so 3 k1 < ky < ... < kny € N such that

N
FE C U Ukj =Uiy = BkN(O)
j=1

since they're nested so E is bounded.

Corollary 8.1. R" is not compact because it is not bounded.

Step 2: Let E be compact, we show it is closed.

To do this: we show E€ is open (aside if E° = @& then we are done. This never happens since E is not R").

Let z € E. We need to find an open ball centred at = lying completely in E€. Note E C R™\ {z} since z ¢ E.
Let (different Uy, from before)

Ui = By @) = {r € B | o~y > 7}

which is open (complement of closed ball). We can use this as covers.

|

Figure 8.1: Uy is the complement of the closed ball centred at z € E¢ with radius % for some k € N.

If I > k, then } < }. Thus if y € Uy, then |y — 2| > + > } soy € U;. That is
U, CU, k<l (8'1)

Note that we have -
ECR"\{z} =] Uk
k=1

where the infinite union of U}, is an open cover of E. Since E is compact, we have a finite subcover Uy, ..., Uy,
such that
N
EC U Ukj
j=1
= Uky equation 8.1
= B O)
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Take complements (from A C B = B C A°)

(&

(@)

So 3 an open ball for x thus E° is open and E is closed.
Before we prove the converse:

Lemma 8.1. Let E be any subset of R". Let {U, | & € A} be an open cover of E (so U, open Ya € A). That is

Ec |JUa

Thus 3 a countable subset A of A
A= {al,ag,...} = {(lk ‘ k EN}
such that E C ;2 Ua,.
That is: every open cover admits a countable subcover. (Note: an infinite set is countable iff 3 bijective
correspondence with N. Rational numbers are countable whereas R is not).

Proof. Assume E C J,c 4 Ua.
Let x € E. Then 3a(z) € A such that x € Uy(y).
Since Uy(y) is open Je(xz) > 0 such that
Be(z)(x) c Ua(z) (8'2)

Figure 8.2: We can construct an open ball B, (x) within some Uq(z) for every x € E.

Then E C (J,cp Be(z)(®) (all z). Since the rational numbers Q are dense in R, J¢(x) € Q" and ((x) € Q such that

e — ()] <
e(x) e(x)
e ((z) < >
Therefore
e~ a(@)l < & < ¢
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Soz € Bc(w)(q(x)).

Figure 8.3: We find some open ball centred at ¢(z) € Q™ with radius ((x) € Q that contains x.

Suppose y € Be(,)(q()), then we have

le — ]l < 1z — a@)] + la(z) — vl

<%+§(w)

< €(x)

So y € B (x) therefore Bc(w)(q(x)) C B (x).
We have shown for every x € E, J¢(z) € Q" and ((z) € Q such that

z € Be(r)(q(x)) € B ()

So E Cuer Bez)(g(x)) but Q and Q™ are countable so 3g; € Q" and (; € Q where j € N such that

=

IN
1Cs

=

s

N
(G
s
&
&5

<.
Il
—

N
2
2
&5

by equation 8.2

<.
Il
—

so we have a countable subcover. O

Back to proving the converse: Step 3: Let E be closed and bounded. We want to show E is compact.
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Let {U, | @ € A} be an open cover of E. We showed in the above lemma that 3¢; € Q", (; € Q where j € N such
that

0o
j=1

Claim: IN € N such that £ =C U;V:1 B, (g;)- (i.e. we need only need finitely many of these balls).
If the claim is true, then

t
N
1C=
&
L
s

N
C =

Be(mj) (‘TJ)

.
Il
—

N
=
X
&

<.
Il
—

so we would have a finite subcover.
It remains to prove the claim. Suppose the claim is false (proof by contradiction). Then for every k € N, we have
E\Uj_, B, (4)) # 2.
We choose zp, € E'\ U§:1 B¢;(gq;). Note that (zy) is a sequence in E and E is bounded, so (7) is a bounded
sequence.
By Bolzano-Weierstrass, there exists a subsequence (xy,) that converges.
(xz,) € EVl € N and E is closed so x = lim;_,o x5, € E as well.
x € F, so dsome J € N such that
z € B, (q7) (8.3)

from our lemma.
But since lim;_o 2, =  then 3N € N such that VI > N

(definition of convergent sequence).
But by construction of our sequence

N
i, & | Be, (¢))
j=1
for any k; > N.
So if k; > J, then
vr, & B, (47) (8.4)

for [ > max(N,J) = k; > max(N, J).

From equation 8.3 and equation 8.4, we have a contradiction.

(The idea of this proof revolves around showing that all z € E' must be in some open ball with rational parameters.
By assuming the contrary of the claim that there is a finite subcover, we choose some sequence outside of all finite
subcovers (made of the rational parameters) and show that it is not in an open ball with rational parameters. Thus
we have a contradiction so there must be some finite subcover with the open balls of rational parameters). O
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9.1 Limits of functions

Definition 9.1. Let V' C R™ be an open set with 29 € V. Let f: V' \ {zo} — R™ for some m (i.e. f is defined at
all points of V' except possibly at x).
We say lim, ., f(x) exists and equals L € R™ iff Ve > 0, 3§ > 0 such that

0<|lz—zo|| <d=|f(x)—L| <e

(note that Bs(xg) € V must hold). In general, § depends on both € and zp (and on f as well if suppose it has a
different domain).

Remark 9.1. When n > 1, things get more complicated since in n = 1, there exists only 2 ways to approach xq:
from left or right (i.e. lim, o f(x) exists iff both left and right limits exist and are equal in n = 1).

In n > 1, 3 infinitely many ways to approach xy. This is what makes establishment of the existence of limits harder
for n > 1.

Example 9.1. Example where different linear paths result in a different limit:
Let n =2,m =1 (f : R? = R) where we denote (z,y) € R
Suppose we wish to find
| (z—2)°
lim
()= (23) (x —2)* + (y — 3)?

where f(x,y) defined everywhere except (2, 3).

Figure 9.1: There exists many paths to approach o = (2,3) in f, m; # mao.

Suppose we have paths/lines with slope m where (y — 3) = m(xz — 2). Along this line we have

B (:L’—2)2
T = —ap
1

“ T

So f is a constant function which depends on the slope of the line/path (it depends on m). Since we found at least
2 paths towards (2,3) along which f approaches different limiting values, then the limit DNE.

Example 9.2. Example where linear paths converge but quadratic paths do not:
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We wish to find
x>

lim — 2
(2,y)—(0,0) 22 + y4

where the domain is R? \ {0,0}.

Figure 9.2: There are linear and non-linear paths that approaches z¢ = (0, 0).

Note that unlike previously, linear paths y = mx do converge

x(mx)?
z2 + (ma)?
m2x3
gt

m2x

14+ mix?

f(xay) =

m2x
SO as r — 0, then T+ miaZ

Along x = 0 we still have

— 0 for any m.
0.y
0% + y*

(this is important since a vertical line is not explicit). So f approaches 0 as (z,y) — (0,0) for linear paths.
We must consider other non-linear paths as well e.g. along z = ky? we have

(ky*)y>  _ k
k22 +yf R+ 1

flz,y) = =0 Vy#0

f(z,y) =

which is a constant that depends on k, thus the limit DNE.
Example 9.3. Example where the limit does exist in n > 1 space:
We wish to find
4
) x
i o 2
(z,y)—(0,0) T2 + ¥y

We expect the limit to converge since the degree of the numerator is > degree of denominator, thus numerator — 0

“much faster” than the denominator so the quotient should go to zero.
Let € > 0. We want to find § > 0 (depends on €) such that if

1z, y) = (0,0)[ <& = |[f(z,y) - 0] <e
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where L = 0.
Rewriting the above: we have if 22 4+ 4% < §2, then
ol <
——| <e
x2 + y?
Observe that 22 < 22 + 32 so
2
x
m <1 (z,y)#(0,0)

Furthermore note

| 2 | ! ) 22
= =X _—
224+ 2 224 g2 22 4 12

2
<z mgl
< 2?42
<0’ =c

Thus we can take 6 = /e such that
2’ +yt <8 =e=|f(zy) -0 <e

9.2 Uniqueness of limits

Remark 9.2. A given limit may not exist, but if it does it’s unique (same proof as uniqueness of limits of
sequences).

9.3 Sequential characterization of limits of functions

Proposition 9.1. For f: V \ {zg} CR" = R™, lim,_,,, f(z) = L iff the sequence f(zy) converges to L for every
sequence (zx) in V' \ {zo} converging to zo.
i.e. this states the path heuristic from before works formally with sequences too.

YR /

."(_%\

Figure 9.3: Any given sequence (z) in V' that converges to oy must have f(zy) converge to [ in R™.

Proof. Forwards: Suppose lim,_,, f(x) = L.

Let (zy) be a sequence in R™ with z; € V' \ {0} Vk and limg_, o x5 = x0.
We need to show limg_, f(zr) = L.

Let € > 0. From our premise 39 > 0 such that

[l —zoll <0 =f(z) - L] <e
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Since x — g as k — 0o, AN € N such that
k>N =0<|xp— ol <6

(definition of convergence).
So k> N = | f(zr) — L|| < € so the forwards direction holds.
Backwards: Conversely, suppose the sequence f(xj) converges to L for every (zy) in V' \ {z¢} converging to xg.
We want to show lim,_,,, f(z¢) = L.
Suppose the limit does not converge to L (contradiction). Negation of the statement is: Jep > 0 such that Vo > 0,
das such that

0 < [|Jzs —mo|| < & but ||f(xs) — L|| > €

(this is the negation of 1) Ve > 0, 2) 36 > 0, and 3) Vz ||z — xo|| < d = || f(z) — L|| < ¢).
Choose § = %, k € N. dxp with

1
0< ka—xgH <5:E (9.1)

but || f(zx) — L|| = €0 (4).
The sequence (zy) in V' \ {zo} converges to xg by the premise but f(zx) /4 L by equation 9.1. This contradicts the
premise. O

9.4 Properties of limits of functions

Let f,g:V \ {zo} CR"™ — R™ and suppose

lim f(x)=L lim g(x)=M

T—rT0 T—rT0

Then (the above limits must exist)

li_>m (f(x)+g(x)=L+M (additive)
T—x0

1i_>m cf(x) =cL (scalar multiplicative)
T—x0

- f@) .

! _L fm=1,M
xlgclo g(l’) M nm ’ 7& 0
li_>m (f(x)g(z)) = LM if m =1 (same proof as for n = 1)
T—x0

Proofs are left as exercises.

10 January 24, 2018

10.1 Component functions

Definition 10.1. Let f: U C R™ — R™, U is open. Then for z € U

fl) = (fil@),..., fm(x)) € R™
fi: U — R, 1<i<m are the component functions of f (real-valued).

Lemma 10.1. 29 € V open in R". Let f : V \ {zo} — R™. Then lim,;_,, f(z) = L = (L1,..., Ly,) iff
limg_yy, fi(z) =L; Vi=1,2,...,m.

35



Winter 2018 MATH 247 Course Notes 10 JANUARY 24, 2018

Proof. By property of convergence of limits of sequences in assignment 3 and sequence characterization of limits of
functions. That is

lim f(z)=L"" <M i (xx) =1L LE lim filay) = L; *° MO i fi(z) = L;
T—x0 k—o0 k—o0 T—x0
We can also prove this using € — §. O

10.2 Squeeze theorem

Theorem 10.1. Suppose f,g,h: V \{zo} = R (m=1!). If f(z) < g(z) < h(zx) Vx € V \ {zo} (this only really
needs to hold in a n’h’d of xp) and limg_,4, f(z) = limy_,, h(x) = L € R, then

lim g(x) =L

T—T0

Proof. Same as proof in n = 1 case. O

10.3 Norm properties of limits

Proposition 10.1. Suppose f: V' \ {zo} — R™ and lim,_,,, f(x) = L then
Jim [[£(2)] = || im f(2)] = 2]
Proof. Let € > 0, 36 > 0 such that
0 <[l —zoll <= If(z) - LIl <e

Note that

£ < 17() ~ Ll + ]
WMéHL—f@W+Hﬂ@H
So rearranging each of the inequalities above and using the premise we see that
F @)=L < e
if 0 < ||z — xo|| <9 so limg_yq || f(2)|| = || L] O

10.4 Continuity

Definition 10.2. Let U C R" be open and f : U — R™.
Let zg € U. We say f is continuous at zg if

1. limg_yq, f(z) exists
2. The limit equals f(zo)

Explicitly, f is continuous at xg iff Ve > 0 39 > 0 such that

[ = 2oll <& = |[f(z) = f(zo)|| <€
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Equivalently, by the sequential characterization of limits, f is continuous at xg iff whenever (xy) is a sequence in U
converging to xg, then f(xx) is a sequence in R™ converging to f(zo).

10.5 Continuity on a set

Definition 10.3. f is continuous on U (an open set) if it is continuous at every x € U.

Example 10.1. n =m and U = R" and f(z) = « (identity map). Then Ve > 0, let 6 = ¢ > 0 such that
[z —zol| <& = [f(z) = f@o)ll = llz — zo]| <O =€

Example 10.2. Let ¢ € R™ be fixed, U = R™. Then f(z) = ¢ is a constant function and is continuous on R" since
Ve > 0, take any § > 0 we have

2 = zol| <6 = [[f(z) = f(wo)ll = lle—cll =0 <€

Example 10.3. Let m =1, U = R”, and f(x,y) = xy for x = (21, 12) = (x,y) € R2.
We claim f(x) is continuous on R".
Before we prove this example, for the component functions:

Remark 10.1. If f : U C R" — R™, f is continuous at zg € U iff f; : U C R"™ — R is continuous at zg for all
1=1,...,n.

Proof. Let h(z,y) = (x,y) (identity map, continuous. on R? by example 10.1).
So hi(z,y) = = and ha(z,y) = y are continuous on R2.
f(x,y) = 2y = hi(z,y)ha(x,y) is continuous on R? because limits of product equals products of limits. O

10.6 Composition of continuous functions is continuous

Proposition 10.2. Let f : U C R® — R™ be continuous on U. Let g : V C R™ — RP be continuous on V.
Suppose f(U) ={f(z) |z € U} CV so the composition

h=gof:UCR"—RP
is defined g(f(x)). Then h = g o f is continuous on U.
Proof. Assignment 4. O

More generally, if f is continuous at xg € U, f(xg) € V and g is continuous at f(xg) then h = go f is continuous at
Zg-

10.7 Dot product of continuous functions is continuous

Proposition 10.3. Suppose f,g: U CR"™ — R™. Define f-g: U CR" — R by

(f-9)(@) = f(2) - 9(z) = fi(x)91(z) + fa(®)g2(2) + . .. + fin(2)gm (2)

If f, g continuous at xg, then f - ¢ is continuous at z¢ (by addition and product of continuous functions on R).
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10.8 Inverse image

Definition 10.4. Let f: U CR" — R™, U is open. Let A CR™.
The inverse image of A under f is denoted f~!(A) and is defined to be

FHA) ={zeU| fx) € A}
(i.e. the domain of f which maps to the image A).

Remark 10.2. The notation is a bit ambiguous. Suppose we restrict f to be a proper subset V C U that is still
open.
Call this fiy : V CR" — R™. So fiy(z) = f(z) Vo € V then if A CR™

) ={zeV|fx)eA}=f1 ANV

Remark 10.3. Note: f~!(A) could be empty.

S,

Figure 10.1: Inverse images of f(z) = % for A = (0,1) correspond to f~(A) = (1,00). It may be empty however
(e.g. for A= {0}).

Let f:R\ {0} = R, f(z) = 1. Note that
F7H(0,1)) = (1, 00)
1oy =2

11 January 26, 2018

11.1 Continuity and open/closed sets

Proposition 11.1. f: U C R® = R™, U is open. Then f is continuous on U iff f~1(V) is open in R™ whenever
V is open in R™.
(that is: continuous iff the inverse image of any open set is open).
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Proof. Forwards: Suppose f is continuous on U. Let V' C R™ be open. WLOG f~1(V) # @. Let zg € f~1(V) C
U= f(a:o) eV.
Since V' is open, Je > 0 such that B¢(f(zg)) C V. But f is continuous at xg so 36 > 0 such that

[ —wol| <& = [lf(2) = flzoll <e

(we take § small enough such that Bs(xg) C U).
Thus f(Bs(wo)) € Be(f(20)) € V. So Bs(xo) C f~1(V) hence Vo € f~H(V) 3§ > 0 such that Bs(zg) € f~1(V) so
f~YV) is open.

@ > v 7 o
/’ B &
e
£\ \
A : s
\'\ N <3
J \\w/' S

Figure 11.1: f: U C R™ — R™ is continuous iff the inverse image of any open set V € R™ is open.

Backwards: Suppose f~1(V) is open in R” for all V open in R™. We need to show that f is continuous on U.
Let zp € U. Let € > 0, Bc(f(z0)) is open in R™ so by our assumption

V) = 71 (Be(f(20)))

is open in R".

Also g € f~1(V) since f(z0) € V = Be(f(z0)) so 36 > 0 such that
Bs(zo) € fH(V)

(since f~1(V) is open).
Hence f(Bs(zo)) €V = Be(f(z0)) so f is continuous at zg. O

Remark 11.1. One can also show that f~!(closed) = closed is also equivalent to continuity (on assignment 4).

Remark 11.2. Question: Is the reverse the open set property true? That is, suppose f : U C R" — R™ U open,
f continuous on U. Let V C U defined f(V) = {f(x) | x € V'} the image of V under f. If V is open in R", is f(V)
necessarily open in R™?

No: here’s a counter-example.

Example 11.1. n=m =1, U =R. Let f : R — R where f(x) = 2? (continuous on R).
Take V' = (—1,1) open in R. Then f(V') = [0,1) which is not open in R.

39



Winter 2018 MATH 247 Course Notes 11 JANUARY 26, 2018

2

Figure 11.2: An open domain on a continuous f(z) = x“ may not admit an open image.

Similarly, if V' is closed in R"™, f(V') need not be closed in R™.

Example 11.2. n=m =1, U =R\ {0}, and f(z) = 1.
Let V' = [1,00) which is closed on R (although this is unbounded there is a closed boundary so this is still closed).
Then f(V) = (0, 1] is not closed.

1

Figure 11.3: A closed domain on a continuous f(z) = -

may not admit a closed image.
Two other types of subsets were compact and connected.

11.2 Continuity and compact sets

Suppose f: U C R"™ — R™ continuous on U, U open.

Does the same property hold for compact/connected sets as it did for open/closed sets?

That is, if V C R™ is compact, is f~1(V) compact on R"? If V C R™ is connected, is f~!(V) connected on
R™?

No to both!

Example 11.3. Counter-example for compact set:
n=m=1,U=R, and f(z) = Hlxg. Let V = [0, 1] which is compact. Then f~1(V) ={zx € R | ﬁ €0,1]} =R
is not compact.
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Graph for 1/(1+x"2)

o

Figure 11.4: A compact image on a continuous f(x) = H% may not admit a compact inverse image.

Example 11.4. Counter-example for connected set:
n=m=1,U=R, and f(z) =22 Let V = (1,9) which is connected. Then f~}(V) = (-3,—-1) U (1,3) is not
connected.

2

Figure 11.5: A connected image on a continuous f(x) = z© may not admit a connected inverse image.

Proposition 11.2. Let f : U € R” — R™ continuous on U which is open. Let K C U be compact. Then
f(K)={f(z) | z € K} is compact in R™.
Proof. Let {U, | & € A} be an open cover of f(K) ie. U, C R™ is open Va € A and
FE) < U Va
a€cA

Claim: K C J e /1 (Ua).

If v € K, then f(z) € f(K) so f(z) € U, for some a = z € f~1(U,).

Since f is continuous, U, open = f~!(U,) open in R™ Yo (by previous propositions).
So {f~Y(Uy,) | « € A} is an open cover of K which is compact.

So dag,...,a, € A such that

N
Kc|Jr'(Ua)
j=1
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Then f(K) C Ujvzl Uy, because if y € f(K) where y = f(x) for some z € K where z € f~!(U,,) for some
je{l,...,N}so f(x) € Uy,.
So f(K) is compact. O

Remark 11.3. By Heine-Borel, compact <= closed and bounded. But we’ve seen that if f is continuous
f(closed) # closed in general. This implies the additional bounded property makes it valid.
What about f(bounded) = bounded for a continuous f? No: see this counter-example:

Example 11.5. U = (0,00) CR for n =m =1 and f(z) = log=z.
Let V = (0,1) which is bounded. Then f(V') = (—o0,0) which is not bounded.

Figure 11.6: A bounded domain on a continuous f(x) = logz may not admit a bounded image.
But as we proved before, f(closed + bound) = closed + bounded so both conditions are sufficient.

11.3 Extreme value theorem (EVT)

Corollary 11.1. Let f: U CR"™ — R, U is open (m = 1!) and f is continuous on U.
Let K C U be compact. Then dzi, x5 in K

flz1) < f(z) < flz2) Vo eK
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Figure 11.7: x1, x5 may not be unique in the Extreme Value Theorem.

This means a continuous. real-valued function on a compact set attains a global maximum value and global minimum
value.
Clearly this wouldn’t work in R™,m > 1 since there is no notion of min/max of vectors).

Proof. Assume K compact, f is continuous on U so f(K) is a compact subset of R (by previous proposition).
By Heine-Borel f(K) is closed and bounded in R, so

M = sup f(x)
zeK
= 10

both exists and is finite (bounded intervals has an infima and suprema).
Let k£ € N such that M — % < M so dxp, € K such that

M—%<f(wk)§M

K is bounded so (x) is a bounded sequence in R, so by Bolzano-Weierstrass 3 convergent subsequence (xy,) — «
as | — oo.

But K is closed so lim;_o 2, = 2 € K.

Since f is continuous, so

Jim f(an) = f(Jim (23,)) = /(2) € F(K)

since x € K. Thus L
M—k—<f(.’17kl)§M
l
then as I — oo, we have M < f(z) < M.
So x € K and f(z) = sup,cx f(y) (some y) so global max is attained.

For global min, similarly m < f(x;) < m + %
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Remark 11.4. The non-uniqueness of extreme values come from choosing an arbitrary convergent subsequence
from (z).

O
This generalizes EVT from 147: if f is continuous on [a, b] then f attains a global max/min.

Remark 11.5. Note that f must be continuous for this to hold. Otherwise we could have

Figure 11.8: There is a global min on [1, 2] but no global max.

12 January 29, 2018

12.1 Continuity and connected sets

(See above for connected image does not imply connected inverse image example.)

Proposition 12.1. Let f: U C R™ — R™ continuous on U which is open.
Let E C U be connected on R™. Then f(F) is connected in R™ (i.e. continuous image of connected set is
connected).

Proof. Suppose f(FE) is not connected. Let Vi, V5 € R™ open sets be a separation of f(E)
1. f(F)CWViuUW,
2. fIE)NV1 # o
3. [(B)NVs £ 2
4. f(EYNVINVa =02

Since f is continuous, f~1(V4), f~1(Vz) are open in R™. If x € E, f(z) € f(E) C V4 UVa. So f(x) € V1 or f(x) € Vo
which implies z € f~1(V4) U f~1(1%), that is

EC (W)U f (V)
Let y € f(E)NV1 # @. So 3z € E such that y = f(z) € V, that is
re Y V)NE+#o

Similarly f~*(V2)N E # 2.
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Ifxe ENfL(Vi)nf~1(V,) then f(z) € f(E)NViNVy # @ which is a contradiction of our initial assumptions
that V1, V5 is a separation.

So f~Y(Vi)n f~1(Ve) N E = @, which means {f~1(V1), f~1(V4)} is a separation of R which is a contradiction since
E' is connected.

Thus f(E) must be connected. O

12.2 Intermediate value theorem (IVT)

Corollary 12.1. Let f: U CR"™ — R, where U open (m = 1!).

Suppose f is continuous on U and let E C U be connected. Let x,y € E such that f(z) < f(y). Then for each
w € (f(z), f(y)), 3z € E such that f(z) = w.

(i.e. a continuous real-valued fn on a connected set admits all values between any two of its values).

Proof. Assume the contrary: that is Jwy € (f(x), f(y)) such that wg & f(E).

Let
Vi={weR|w<wy} = (—o00,wp)
Vo={weR|w>wy} = (wpy,o0)
then V1, V5 is a spearation of f(FE) but f(F) is connected by previous proposition, which is a contradiction. O]

Aside: If f: U CR"™ — R™ for U open is continuous on U then
11U =R

where || f||(x) = || f(z)|| is continuous. real-valued so we can apply EVT or IVT to || f]|.

12.3 Uniform continuity

Definition 12.1. Let f: U CR™ — R™, U is open, and let D C U.
We say that f is uniformly continuous on D iff Ve > 0 3§ > 0 such that

zyeD |z—yl <d=|flx)-flyl <e

Remark 12.1. 1. Uniformly continuous only makes sense with respect to a particular subset D of U. f may be
unif. continuous on D7 C U but not unif. continuous on Dy C U.

2. If f is unif continuous on D, this means given any € > 0, we can find a single § > 0 depending only on € that
works to establish continuity of fjp at € D for all z € D.

3. If f is unif continuous on D, then fp is continuous at x € D Vo € D (but the converse is not necessarily
true).

Example 12.1. Let f: R\ {0} = R and f(z) = 1 (f is continuous).
Let D = (0,1].
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Figure 12.1: For the subdomain D = (0,1], f(z) = % is not uniformly continuous on D. We can find z,y arbitrary

Tz

close to 0 such that for a given € > 0, there is not single § > 0.

Claim: f is NOT unif continuous on D (so we find an € where no single § works).
1
5.

Let e = 5. Let § > 0 be arbitrary. Let n € N be large enough so that
1

— <4

n(n+1)
Letxz%andy:%“ED. So we have

1 1 1
—yl=|-- = <9
e =yl ‘n n—l—l‘ n(n+1)

but we have

[f@) = f@l=In—(n+1)[=1>e¢

Example 12.2. Let f : R — R and f(x) = 22 (f is continuous).

Let D = [0, 00).

Claim: f is not unif continuous on D.

Let € =1, let § > 0 be arbitrary. Let z = % and y = % + g € D (close to each other).

Note ) 0 s 5
o-yl= I3 - G+yl=5<0
e 1) ) 52
4
£@) = F@I =l =D +y) = 5 +5) =2+ >2>

12.4 Uniform continuity and compact sets

Theorem 12.1. Let f: U CR® — R™ be continuous on U open. Let K C U be compact.
Then f is unif continuous on K.
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Remark 12.2. Aside: In example 12.1, we chose D = (0, 1] and a proof with a counter n when z, y gets arbitrarily
close to 0.

If D =[¢,1] such that is compact, our counter argument with n would fail because we can’t get arbitrarily close to
0.

Proof. Let € > 0 and let € K. Since f is continuous at x, 36(x) > 0 such that
€
ly = zll < 6(z) = [If(y) = fl2)] <5

Le. f(Bs)(w)) € Be(f(w)).
Also K C J ¢ Bse () (this is an arbitrary union for every point in K).

2
By compactness of K, 3 finite set x1,...,zx5 € K such that

N
K C | Bswy () (12.1)

=1 2

Let 5:min{@,...,@} > 0.
Suppose z,y € K and ||z — y|| < 0, and x € Bsw)) (z;) for some j € [1,..., N] by equation 12.1.
2

Then we have

A
ly =zl < lly — 2|l + [l — 24

<+ —5(%)

2
6(zj) | O(xy)
2 2
= 6(x;)

That is ||y — x]| < ;) so y € Bs,)(;), thus we have

<

IND>

1f (@) = F < 1 (@) = )l +11f () = F)l
< 5 + 5
so we found a § > 0 (single ¢) such that xz,y € K where ||z —y|| < = ||f(x) — f(y)]| <e. O

12.5 Differentiability

Let f: U CR™ — R™, U open and let a € U. We want to define what it means for f to be differentiable at a and
what is the derivative of f at a (denoted (Df), OR (Df)(a)).
We'll see soon that if f is differentiable at a, then (Df), is a linear map from R™ to R™ (m X n matrix).

Remark 12.3. Let T : R” — R™ be a linear map. Choose basis 8 of R", basis v of R™. Then T is represented
wrt these two bases by an m x n basis [T, g.

If 5 is another basis of R” and 7 is another basis of R™, then let P (invertible n x n) and @ (invertible m x m) be
the change of bases matrices from basis 8 to 8 and from basis ~ to 4, respectively. Thus

7], 5= Q '[T], 4P
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If n = m and we choose 8 = v and B = 7 then

If n =m =1 such that § =, =4 we have
[T]; =[T]s since the 1 x 1 matrices commute

i.e. the matrices representing a linear map R — R is unique (doesn’t depend on j3).

13 January 31, 2018
13.1 Single variable differentiability

Definition 13.1. Let f: U CR — R, U open, and a € U. We say f is differentiable at a iff

i L1~ 1)
h—0 h

exists. If so, we call the limit the derivative of f at ¢ and we denote it

7@y =T~ (),

Remark 13.1. Claim: If f is differentiable at a then f is continuous at a.

We have
fla+h)— f(a)

fla+h) = fla) = D=

Taking the limit of both sides we get

lim f(a+h) = f(a) =0
So we get (from the right equality)
lim f(a + h) = f(a)
= lim f(2) = f(a)

so f is continuous at a (limit exists and = f(a)).
The converse is false: e.g. f(z) = |z|.

When we choose our definition of differentiable in general, we’ll want the property that “differentiable at o’ =
“continuous at a”.

13.2 Partial derivatives

Definition 13.2. Let i € {1,...,n}. The partial derivative of f in the x;-direction at the point a is defined to
be
. f(al, e, Q1,05 + h, ity an) — f(al, .. ,an)
lim
h—0 h

if it exists.
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This is the ordinary derivative at x; = a; of f thought of as only a function of x; with all other x; = a; constant.

Notation: when the partial derivative exists, it is denoted

of
ox;

(a) = fo,(a)
The shorthand definition: let eq,...,e, be the standard basis of R™. Then

_ . fla+he) — f(a)
8xi (a) N ilzlir(l) h

eg. inRY ey = (1) = a+hey=a+heR.
Example 13.1. 1. f(x,y) = sin(zy)

2. g(x,y,2) = " *log(y + 2)

3. h(z,y,2) = y3sin(zz) + e132+2% log(2°+1)

4. Nz, y,z) = 2?sin(y) — &

Then we have

P y cos(zy) gy = x cos(xy)
dg 2 dg v’
5, = 217e og(y + 2) R
99 _ il +22e%*% 1o (y+ 2)

0z y+z g

ZZ = 3y?sin(x2)

O\ . Yz

B 2z sin(y) + 2

13.3 Wrong definitions of differentiability

Remark 13.2. A reasonable guess for the definition of differentiability of f at a is to say all the partial derivatives
86%’ ol % all exist at a (but not continuous).

This is WRONG! because there exists examples where % all exist at a but f is not continuous at a (see assignment
5)!

From intuition: f may not be continuous in between z;-directions.

Definition 13.3. You can also consider the rate of change of f at a in the direction of any unit vector u (i.e. in
between the standard vectors e;).
This is called the directional derivative of f at a in the u-direction and is denoted

(Duf)a
(On assignment 5: show (D, f)(a) = %(a).)

Remark 13.3. Another reasonable guess; f is differentiable at a if all the directional derivatives (D, f)(a) exists
at a for all unit vectors w.
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This is also WRONG!, since there exists examples where all (D, f)(a) exists at a but f is not continuous at a!

From intuition: one can take more complicated paths to @ where contunity may not hold, e.g. as before with z2 or
3

x° paths.

13.4 Second partial derivatives

Suppose f: U CR"™ — R, U open, and suppose % exists everywhere on U.

So g—; :U CR™ — R (it’s a function on U).

So we can ask about the existence of %( g jz ) or

0% f
8$j8$i

= fiBiLBj

(remark the order of the notation).
For example if n = 2, there are 4 (n?) second partial derivatives

fro= L O
o 82xam 0z2
fyy = (;y];
2
Joy = 838];
2
fya: = aaxafy

Example 13.2. For f(z,y) = sin(xy), we have
fao = ycos(zy) fy = wcos(zy)
thus we have

fre = —y?sin(zy) fay = cos(zy) — zysin(zy)
fyy = —a” sin(zy) fye = cos(zy) — zysin(zy)

Notice that f,, = fy» everywhere!

For )‘(xa Y, Z) =a? Sin(y) — %
. z z _
Az = 2zsin(y) + % Ay = % cos(y) — - A = ?y
Thus we have
c z
Al‘y = 2z COS(y) + ﬁ )‘ya: = 2 COS(y) + ﬁ
-1 A
M= M=
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So again
0%\ B 0%\
8@837]- N &Tjaxi
Question: is this always true? NO! There exists examples where f: U C R™ — R (n > 1) such that

Vi, j

I\ 2 T2 ()
61‘16:5]- aJTj 81’1

for certain 4,7 and a (for a certain point a usually).

13.5 C*(U) (class of continuous functions)

Definition 13.4. Let f: U C R” — R, U open. We say f is in CO(U) if f is continuous on U.

We say f is in CY(U) if f is in C°(U) and all g—m’s exist and are continuous on U.

We say f is in C%(U) if f is in C*(U) and all 8:22<9ij ’s exist and are continuous on U.

In general, for k € N, f is in C¥(U) if f is in C*~}(U) and all % exist and are continuous on U.

Definition 13.5. f is in C®(U) if f € N2, C*(U) i.e. if f € C*¥(U) Vk € N.

Remark 13.4.
oy >ctU)>...ockU)>CcHHU) o ... D CP(U)

14 February 2, 2018

14.1 Mean Value Theorem (MVT)

Theorem 14.1. Let f : U C R — R, U open, be continuous on [a,b] € U and differentiable on (a,b). There
dc € (a, b) such that

Fl€) = f18) — fla)
o b—g .~ Flb)

Fre .|r|"l"] — ar-l:‘!'::
- - —_— —
P Figa) -

Figure 14.1: There may be multiple ¢ € (a,b) that satisfy the MVT property.

14.2 “Commutativity” of mixed partial derivatives

Theorem 14.2. Let f : U C R® — R, U open. Let a € U. Suppose 9F O exist and are continuous

Ox;’ Oxy
(j #k,j,ke{l,...,n}) on a neighbourhood of a. ’

2 . . . . .
Furthermore, suppose that af_ aka exists in a neighbourhood of a and is continuous on a.
J
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Then %ng exists at a and
O’ f O’f
a) = a
8$k8$]’ 8:cj8:ck

Remark 14.1. In the examples above: all the first and second partial derivatives existed and were continuous
everywhere on the domain of f. So we have much more than we need (we only require they exist and continuous at
a) to apply the above theorem and conclude that the mixed partials are equal.

Remark 14.2. The partial derivatives need only be continuous on a neighbourhood of a: nothing needs said about
the space away from a.

Proof. We will require 3 applications of the single variable Mean Value Theorem (MVT).
First we’ll show we can reduce the problem to n =2 (z; = z, 2, = y) and a = (0,0).
Let s,t € R be small enough such that

h(s,t) = f(a+ se; + tey)

is defined (this is possible since a € U and U is open so open ball).

Let’s compute %(so, to)
oh L h(so + €,to) — h(so,to)
g(so,to) N 15% €
~ lim fla+ (so + €)e; + toex) — f(a+ soej + toer)
) €
= 881]‘;(& + soej + toey) definition of gjj
Similarly,
Oh 0
E(So, to) = axf;(a + Soej + toek)

Note that these hold for any f : U C R™ — R, U open therefore (recall the partial derivatives are themselves
functions on U — R, so we can apply the above recursively on itself)

0% f 0% f
950t (80, to) = a:Ej{L‘k (CL + spe; + t(]ek)
0% f 0% f
8t85 (80, t()) = axkxj (a + 806J + toek)
So
0% f 0% f
0s0t (0,0) = Oz ;xy (a)
0% f 0% f

otos (0,0) = Orpx; (a

(assuming these all exist). Therefore it is enough to consider the case when n = 2, a = (0,0) (we reduced our
problem into a R? — R problem using arbitrary s,t).

Let’s prove our thoerem with h: U C R> = R, U open, and 0 € U.

Note that %, % exists and are continuous on a neighbourhood of 0 (these are from our initial premise after

converting to our reduced problem). Also, % exists on a n’h’d of 0 and is continuous. at 0.

We want to show % exists at 0 and equals g;}; (0) at 0.
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Let us define

Figure 14.2: Sketch of how we set up H(s,t).

Fix ¢ sufficiently close to 0. Define k(s) = h(s,t) — h(s,0). So we have
H(s,t) = k(s) — k(0)
Also K/ (s) = g’; (s,t) — (s 0) exists and continuous on n’h’d of 0 (by hypothesis). So we can apply the MVT to k

on [0, s], then
30 € (0,1) = ds € (0, )

such that
k(s) — k(0) = K'(ds)(s — 0)
So we have o oh
H(s,) = 5[0 (55,1) ~ 0 (55,0)
Fix s (and hence ¢). We define
A(t) = gh(és t)
82
/ —
(t) - 6t68 (687 t)

exists near ¢ = 0 (by hypothesis) so A(t) is continuous. and differentiable on [0, ¢] for ¢ small enough.
Applying the MVT to A on [0, ]
Je € (0,1) = et € (0,1)
such that
A(t) — A(0) = N (et)(t — 0)

So we have (from definition of \)

oh oh 8%h
2 (05,1) = 52(05,0) = - (3. €t) (1)

Substituting this into H(s,t), we get
82
H(s,t) = st
() = 5t s

(0s, et)
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for some §, € € (0,1). Therefore when we take the limit

82
Ot0s

1
li —H(s,t
(5:0)>(0,0) 5t (5:8) = 5795 00

since gtah is assumed to be continuous. at (0,0). If we can show the LHS is equivalent to

done.
Recall that

asat h(0,0), then we are

H(s,t) = h(s,t) — h(s,0) — h(0,t) + h(0,0)
We can also write

H(s,t) = (h(s,t) — 1(0,)) — (h(s,0) — h(0,0))

(notice the regrouping: in the graph, we are now subtracting in the other direction).

We define u(t) = h(s,t) — h(0,t) so H(s,t) = u(t) — u(0). Therefore

W0 = (s~ D0,1)

exists V¢ sufficiently close to 0 (from hypothesis where a = 0). So p(t) is continuous on [0, ¢] and is differentiable on
(0,t) for ¢ small.
Applying the MVT to p on [0,¢], then

30 € (0,1) = 6t € (0,¢)

such that
pu(t) — p(0) = ' (0t)(t — 0)

Thus we have

oh oh
H bt _Zr
(s.1) = 1[0 (.00 — 20,00
We can rewrite this as H(s.t) 1.0h oh
s
= ot ot
” Sl (8,08) — 5.(0,61)]
Since % is continuous. on a n’h’d of (0,0) (hypothesis), then we let ¢ — 0 first so that we get
O (5,00 2(5,0)
oh oh
ot
P 0.01 - 20,0)

Thus we have
1 0h oh

(s,t)h—r;(lo,o) - lHO[S e ot (5,0) - ot ot 0 0)]

This is precisely the definition of the partial derivative with respect to s, thus we have

) H(s,t)  9°h 0%h
e st B 250t 0 = 5755

5:7.(0,0)
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14.3 Defining multivariable differentiability

Let f: U CR™ — R™ (general m), U open. Let a € U. We want to define what it means for f to be differentiable
at a.
We expect that if f is differentiable at a, then

1. f should be continuous on «a
2. all the partial derivatives of f (if m = 1) should exist at a

Example 14.1. Example of where partial derivatives exist but is not continuous at given a = (0,0):
Let n = 2 where U = R? and

x+y ifz=00ry=0
f(:v,y)Z{

1 otherwise

Figure 14.3: A function where the partial derivatives exist but are not continuous at a given point (0, 0).

Note that
of . f(h,0) = £(0,0)
or "0 =TT
im0
h—0

and similarly, g—g(o, 0)=1.

Both partials exist at (0,0) but clearly f is not continuous at (0,0) (lim,_,o f(z) # f(z)).

Remark 14.3. This shows that our previous bad definition that if partials exist, then differentiable is wrong.

14.4 Differentiability with linear maps

Going back to the n = m = 1 simple case, where f : U C R — R for U open and zg € U. Then f is differentiable
at rp < limy_o M exists (previously defined).

Note that f/(zg9) € R are 1 x 1 matrices i.e. a linear map from R to R.

Assuming f is differentiable at xy, we define the linear map T : R — R by

T(h) = f'(zo)h
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such that
. flzo+h) = flzo)
) h = (@)
!
iy (@)
h—0  h
. T(h)
g 1 _—
hoo b
So (rewriting the above)
i £ @0+ 1) = f(wo) = T(h) _
h—0 h

Note that for any limits on an arbitrary g(z) that approach to 0

li =0 li -0
lim 9(x) — hlgg)!g(w)!

so we have

lim |f(zo + h) = fzo) — T(h)|
h—0 |h
We’ve shown that if f is differentiable at g, 3 a linear map 7" : R — R such that the above holds.
We’ve thus motivated the general definition of differentiability:

Definition 14.1. For f: U CR"™ — R™, U open, let o € U.
We say f is differentiable at x¢ if 3 a linear map 7" : R® — R™ such that

lim [f(xo + h) — f(zo) = T'(R)]]
h—0 12l

=0

=0 (14.1)

where we take the norm of an R vector in the numerator and the norm of an R™ vector in the denominator (this is
also the reason why we needed to take the norm to be able to divide the two).

15 February 5, 2018

15.1 Differential (Jacobian matrix) (Df),

Remark 15.1. We’ll show soon that if such a T linear map exists, it is necessarily unique and it’s called the
derivative of f at a and is denoted (D f), OR (Df)(a) (i.e. (Df)q is an m x n matrix of real numbers).
(Df)q is also called the differential of f at a, or the linearization of f at a, or the Jacobian matrix.

Notice: If (Df), = T exists satisfying equation 14.1 then
1. T:R® — R™ is linear
2. T is a very good approximation to the map h +— f(a 4+ h) — f(a) near h = 0 in the following sense (recall

T(h) = f’(a)h = hmh_)o w X h)

h fla+h)— f(a)
h— T(h)

Both agree at h = 0 (i.e. both send 0 — 0) and moreover the difference

[fla+h) = fla)=T()| =0 ash—=0
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so fast that the quotient in equation 14.1 still goes to 0 as h — 0 (sends numerator to 0 faster than h — 0).

15.2 Differentiability implies continuity with 7'(h)

Proposition 15.1. Let f : U C R" — R™, U open, and a € U. Suppose f is differentiable at a. Then f is
continuous at a (we show this is true for the linear map definition now).

Proof. We need to show that lim,_, f(z) = f(a) or limj,_,o f(a + h) = f(a) (where x = a + h).
Note that

: _ o Nfla+h) = fla) = T(h)]
}llli%”f(a + h) - f(a) - T(h)” - }ILIL% Hh”

=0-0
=0

aid

where the second equality holds from products of existing limits. So we have

A
1f(a+h) = fla)ll < [[fla+h) = fla) =T+ TR
Since T is linear, we have | T(R)| < || T||opl|h]| which — 0 as h — 0. Thus combining the above we have

[f(a+h) = fla)ll < NIf(a+h) = fla) =TA)| + [ Tlopllnl

which by the squeeze theorem we have

lim f(a+h) = f(a)

h—0

and thus f is continuous at a. O

15.3 Differential is matrix of partial derivatives

Theorem 15.1. Let f: U CR™ — R™ and a € U. Suppose f is differentiable at a.
We have

flx) e R™ = (fi(z),..., fm(2))

where f; : U CR" = R are the component functions of f, 1 <j < m.

Then all the partial derivatives g:{; exists at a for 1 <7 <m, 1 < j < n. Moreover,

T =(Df)a

Ofi
Ox;

is the m x n matrix whose (i, j)-entry is 54~ (a). This shows (D f), is unique if it exists.

Proof. By assumption, 3 m X n matrix T such that

lim 1f(xo + h) — f(z0) = T'(h)|]

=0
h—0 Rl

Recall from linear algebra we have
T(e1) T(e2) : T(en)

which is an m x n matrix (each column is the image of e;, the standard basis vector).
Since the above limit exists and is zero, we get 0 if h — 0 along any path.
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Choose the path
h:tej Jje {1,...,n}

as t € R goes to 0, then h— 0.

We have
St tey) — () = Tltep)]
0 l|te;]|
te;) — f(a) — T(te;
s pung Lt ) = Sl0) = Tle), el =1
t—0 t
T is linear so T'(te;) = tT'(e;) thus
t .
oy | LD =T ey = 0
t—0 t

Recall that limg_z,|g(x) — L|| =0 <= lim,_,4, g(x) = L (trivial by epsilon-delta, true for all e > 0). Thus

o fatte) — (@)
t—0 t

=T(ej)

so the i-th component of the quotient above is ng;(a). Therefore we’ve shown

_ Ofi
- 6.%'j

T3 (a)

exists and holds. O

Remark 15.2. If f is differentiable at a, then all ng; exist at a (as above). So if even one ngZ_

then f is not differentiable at a.

Warning: Just because all gﬂ{; (a) exist DOES NOT necessarily imply that f is differentiable at a, because with

T :R™ — R™ defined by

does not exist at a,

Afi
T =
J 813] (a’)
it may not be true that
iy @0+ 1) = flzo) =TI _
h—0 Rl

15.4 Gradient notation

For f: U CR" — R (note m =1!), a € U, and f differentiable at a, then (Df), is a 1 x n matrix

(Df)a =[2G ... 2

This is called the gradient of f at a and is also denoted

(VN)(@) = (V)= (Df)a = [0) ... ()

o8
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Now for general m, if f: U C R™ — R™ is differentiable at a € U then

(28 ... L)
(Df)a:
Fe) - ()
[(Vf1)(a)
| (Vf2)(a)
[(Vfm)(a)

15.5 Differentiable <= all components are differentiable

Lemma 15.1. Let f : U : R®" — R™, a € U. Then f is differentiable at a iff each component function
f:U CR"™ — R is differentiable at a Vi = 1,...,m.

Proof. f is differentiable at a iff
— -T
)~ fla) T

h—0 IRl
h) — —T(h
o @D = F@ =T
h—0 IRl
= lim||fz(a+ )~ fila) = Ti( )||:0 Vi=1,....,m
h—0 | 1]
where the last <= follows from the fact that the vector inside the outer [-|| is an R™ vector, and any vector
converges <= its components converges (shown before). O

15.6 Linear combination is differentiable

Proposition 15.2. Let f,g : U C R® — R™. Suppose f,g both differentiable at a € U. Let A\, u € R. Then
Af+upg:UCR® = R™or
(Af + pg)(@) = Af(x) + pg(x)

is differentiable at a and
(DAf+1g))a =MD f)a+ 1(Dg)a

Proof. Assignment 6 (use triangle inequality and the fact that (Dh), is linear, then squeeze theorem). O

16 February 7, 2018

16.1 Partial derivatives exist and continuous implies differentiability

Theorem 16.1 (Partials exist and continuous implies differentiability). (Sufficient but NOT NECESSARY condition

for differentiability).
Let f:U CR" - R™, a € U. Suppose all 9/i exists on a n’h’d of a and are continuous at a.

oz
Then f is differentiable at a. ’

Proof. From last time f is differentiable <= every f; is also differentiable at a.

29
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Hence it’s enough to prove the theorem for m = 1. Let

a=(ay,...,ap)

h=(h1,...,hy)
Define for j =1,...,n

J
’Uj:thek:(hl,hg,...,hj,o,...,())

k=1
Therefore v, = h. We set vg =0 = (0,...,0).
Note that
fla+h) = f(a) = fla+wvn) = fla+wvo) (16.1)
= [fla+wv) — fla+vi)] (16.2)
k=1

Note vi = vip_1 + hger. By hypothesis, % exists in a n’h’d of a so for h sufficient close to 0 the function

pe(t) = f(a+ vi—1 + tex)
= fla+hy,...;ap-1+hp_1,a5 + 1, akg1, .- a0)

is a differentiable function of ¢ on [0, hy) for hy sufficient small. Thus

0
,U,k(t) = adi(a + Vg—1 + tek)

We apply MVT to py, Jex € (0,1) so exhy = (0, hg) such that

pi,(exhie) (hy, — 0) = pge (i) — p1e(0)

éhk[ﬁ(a + vk_1 + exhier)] = fla+vg) — fla+ vp_1)

8xk
Hence equation 16.1 becomes
f(a + h) - f(a) = zn: hy, - ﬁ(a + V1 + ekhkek) (16.3)
1 a’L'k
For
(Df)a=[#5(@) .. ()]

this exists (by hypothesis). We need to show

[f(a+h) = fla) = (Df)a(h)]]
17l

as h — 0.
Recall that
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(where LHS is a 1 x n matrix multiplied by an n x 1 vector). So from equation 16.3

fa+1) = 1(@) = (DN)alh) = ST @+ s +autuer) — 2 @)l
k=1
—IL-h

where Ly, is the stuff inside the summation and L = (Lq,..., Ly).
Therefore we have

[fla+h)— fla) = (Df)a(P)| _ |IL- Al
I[R]] Al

][
Al

= [IL]

Cauchy-Schwarz

so enough to show that

lim L =0
h—0

(where we then apply squeeze theorem).
So we’ve reduced the problem to show

limL,=0 Vk=1,...,n
h—0

or

_of of
il_%ai%(a + vg-1 + exhier) (T,Ek(a) =0

Note that vp_1 = 25;11 hje; — 0 as h — 0. Furthermore for 0 < € < 1 we have ezhrer — 0 as h — 0 thus
a—+ vg_1+ exhrer = a
as h — 0. Note that 2L is assumed to be continuous at a, so limy_,7, — 0 as desired. O
axk k

16.2 Summary about differentiability
To check if f: U CR™ — R™ is differentiable at a € U

1. If f is not continuous at a, then f is not differentiable at a

2. If any of gg; do not exist at a, f is not differentiable at a

3. Let (Df), be the m x n matrix whose i, j entry is gg‘
J

(a). Then f is differentiable at a <=

lim |f(xo + h) — f(zo) = T'(h)]]

=0
h—0 12l

4. We can avoid step 3 if we know all gﬂ{l exist on a n’h’d of a and are continuous at a (this implies f is
J

differentiable at a by theorem 16.1).
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16.3 Differentiability and C*

Let U C R" open. We say f is in C*(U) if all 3{; exist and are continuous everywhere on U. by the previous

theorem, if f € C1(U) then f is differentiable at any point in U.
Also C°(U) implies continuous function on U. Note from before

cHU) c c'()

So we have the desired property that C! = differentiable = continuous . Functions in C'! are sometimes called
continuously differentiable.

Example 16.1. To show conditions of theorem 16.1 are sufficient but not necessary, let n = 2, U C R?
2 2\ 1
fla,y) = (@7 +y7) sin(———)
Vi + y?
for (z,y) # (0,0) and f(0,0) = 0.
Step 1 f is continuous on at (0,0) (by squeeze).
Step 2 Compute f,(0,0) and f,(0,0)

f(h,O) - f(0,0)

z\Y, =1li
f2(0,0) = lim

h
. h? 1
= jim 5 sin(7=)
=0

by squeeze. Similarly f,(0,0) = 0. Thus we have (D f)o0) = [0,0].
Step 3 Need to check

o 0.0+ (1, he)) = £(0.0) = (Df)oo) (A, ha)

=0
(h1,h2)—>(0,0) h% + h%

Thus we have

lim h2+h3
(h1,h2)—(0,0) \/ h% + h%
1
= lim h? + hZsin(————
o) V1125 N hg)

=0

by squeeze.
So f is differentiable at (0, 0).

Follow-up: we show that % and g—;j (which exists everywhere) are not necessarily continuous at (0,0) (to show
that our previous conditions are sufficient but not necessary)

. 1
flz,y) = (® +97) Sln(\/ﬁ)
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Recall that f,(0,0) = f,(0,0) = 0. So at a point (x,y) # (0,0)

1 1 1., 5 9.=3
—— —) ()" +y7) 2 - 22
— =) G+

1 T 1

\/x2+y2) - Va2 4 g2 COS(\/x2+y2)

fz = 2z sin( ) + (2% + %) cos(

= 2z sin(

We want to check if

lim z(x,y) = f:(0,0) =0
(z,y)e(o,t))f( y) = f(0,0)

and similarly for f,. Note the first term — 0 by squeeze. We thus want to show (to show it’s not continuous)

T

lim cos DNE
(@y)=(0,0) \/22 + y2 ( NZZEET

Remark 16.1. One can imagine approaching 0 from the y-axis (fix = 0) which obviously goes to 0, but one can
also approach from the x-axis (where we have I%I cos(ﬁ)). Although cos(ﬁ) is bounded we do not know what
happens when the two terms are put together so we can’t say it obviously exists.

By sequential characterization of limits

(:9)2(0,0) (z,y) =0 <= lIm h(zg,y%) =0

for all sequences (zy, yx) € R? converging to (0,0).

Thus consider (xg,yr) = ((_l)k 0), so we have

kmr
W) = D cog(— L)
.'I/'k,yk- COS
\/ k‘2ﬂ'2 \/ k2171'2
= (—1)* cos(km)
—1 Vk

Similarly when (x, yx) = ((7}2;#1 ,0), we have the limit approaching to —1. Since they have different limits, then

the limit DNE so f; is not continuous at (0, 0).

Upshot: We have
continuous O differentiable D C!

where the rightmost inequality highlights the condition that afl

differentiability.

exists and continuous is not necessary for

17 February 9, 2018

17.1 Product rule for differentiability

Proposition 17.1. Let U CR", f,g: U - R™ a € U.
Suppose f, g are both differentiable at a. Then we claim f-g: U — R, where (f-g)(x) = f(z) - g(x) is differentiable
at a and

D(f-g9)a= f(a)"(Dg)a+ g(a)" (Df)a (17.1)
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where we have 1 x n matrix on the LHS and 1 x m, m x n, 1 x m, and m X n matrices on the right.

Remark 17.1. Let h = f-gso h=> /", frgr. If his differentiable at a, its derivative (Dh), would be

(Dh)a = [2(a) ... 2(a)
But of 9
Ogk
6x 895 kagk 26k +f i

So the above two equations are just equation 17.1 in components.

Proof. We need to prove that

o (@0 +1) = (o) = T(0)]

=0 teR
0 12|

Note that

ha+1t) = h(a) = (Dh)a(t) = (f - g)(a +1) = (f - 9)(a) = f(a)(Dy)a(t) — g(a)" (Df)a(t)

(so we assume the product rule and show it implies differentiability since our theorem is an <= ). Note the above
can be rewritten as

= (fla+1t) = f(a) = (Df)a(t)) - gla+1) name this T
+ f(a) - (gla+1t) —g(a) — (Dg)a(t)) name this T
+(Df)a(t) - (gla+1t) —g(a)) name this T3

By triangle inequality we have

[h(a +t) = ha) = (Dh)a(t)] < |T1] + T2 + | T3]

We thus show that as ¢ — 0, then |”t”| —0fori=1,2,3.

f, g differentiable at a so f, g are continuous at a. Therefore we have

@] _ [fla+?t) = fla) = (Df)a@)]

= Il llgla+0)l
|T2(t)| < Hf(a)” . Hg(a + t) - g(a) - (Dg)a(t)”
T 1]
L] _ [PNaOlllgla+t) - g(a)|
I Il

< WLt jgta s 0) - gtal

where the inequalities are from Cauchy-Schwarz. These all — 0 as ||t|| — 0 (since they are all products of existing
limits). O

Special case when m = 1: We have f,g: U CR® - R and f-g= fg. Then
D(fg9)a = V(f9)(a) = f(a) - (Vg)(a) + g(a) - (V[)(a)
Informally, V(fg) = fVg+gVf.
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17.2 Chain rule

Theorem 17.1. Let f: U C R™ — R™ be differentiable at a € U. Let g : V C R™ — RP be differentiable at
b= f(a) € V. Assume f(U) C V.
Then go f : U C R" — RP? is differentiable at a and

D(gof)a = (Dg)f(a)(Df)a

where we have matrices of size p X n on the left and p x m and m x n on the right (note that the linear map is a
composition of linear maps: that is the derivative of a composition is the composition of the derivatives).

Proof. Let Q1(h) = f(a+h)— f(a)—(Df)a(h) (defined for h small). Similarly, let Q2(k) = g(b+k)—g(b)—(Dg)p(k)
(k small). By hypothesis we have

ol
=0 ||kl
o Qe
k—0 ||k

For k small, set k = f(a+ h) — f(a) = f(a+ h) — b (small by continuity). So we have

g9(f(a+h)) —g(f(a)) = g(

S
_I._
=y
S~—
|
<
—~~
=
SN—

)+ Qa(k)
h)) + Q2(k)
h)) + (Dg)s(Q1(h)) + Q2(k) linearity

Thus we have

lo(F(a+h)) — g(F(@) = (Dg) oy (DF)a(h)]
B
(Dg) ¢(a)(Q1(R)) + Q2(k)
2l
1M, 11Qa(k)]
il

<(Dg)s||op triangle inequality and op norm

where the left term — 0 as h — 0 by hypothesis. We want o prove that

@)
h—0  ||A]|
to finish the proof.
Let €1 > 0 be arbitrary, since limy,_,q ”Q||1}Eﬁl)u = 0. Then 3é; > 0 such that
h
0 < ] < & = 1@ )

5]

by definitions of limits. Thus ||Q1(h)|| < e1||h]| Vh where 0 < ||h]| < d1.
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Since limy_,q ”QHZk(‘I‘C)H = 0 for any arbitrary eo > 0, then 32 > 0 such that
k
0< k] < & = ”%ylkf’)” <e

We claim that
[l < 61 = [|Q2(k) | < e2|k]| < e2|n]

Note that

1Bl = [[f(a+h) = fla)]]
= [(Df)a(h) + (R
< 1D FallopllPll + QL (A)]] triangle and op norm
(D Fallop + €1)l[R]

for ||h|| < 1. So IC > 0 such that ||k|| < C||h]| for ||h|| < §; thus our claim holds.
From our claim, we have

1Q2(F)
< eC
17l
and since ez > 0 is arbitrary we have
sl
h—0 | h]|

18 February 12, 2018

18.1 Explicit form of chain rule

Writing out the chain rule explicitly with components:

Y= W1, ym) = (filz1, .., 2n), s fn(T1, ..y Tp))
z = (217"'a2p) = (gl(ylv"'aym)v"',gp(yla---vym))
where z = g(y) = g(f(x)) = (g o f)(z) = h(z).

Furthermore, let a = (a1,...,a,) and b= (by,...,by).
Recall that the chain rule is given as

(Dh)a = (Dg)f(a)(Df)a
Let 1 <i<p,1<j<n. Then
Oh;
8.7}j

(i,j)-th entry of (Dh), = (a)

which corresponds to

(1.j)-th entry of (Dg)y(df)a = > _[(Dg)s)irl(Df)alrj
k=1
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Example 18.1. For the simple, single variable case where m = n = p = 1, we have

(@) =g/ (f(a)) - £(a)
=@ = @) L@

Remark 18.1. We commonly abuse notation when discussing derivatives. In the m = n = p = 1 example, we write

y = f(z)
z=g(y)

where y is really y(z) (it’s a function of x, similarly z). So really we are referring to

df L : 9 dy
— is “equivalent” to ==
dx dx

g : [13 : 1 t)? t dZ
—Z is “equivalent” to —
dx 4 dx

So we may see
dz dzdy
de dydzx
(these are not fractions!). In components

O0z; " 9z Oy

ox; — Oy, 0z

Example 18.2. Let f: R? — R, differentiable on R? and let (x,y) = h(r,0) = (r cos 6,7 sin ).
Let h : R? — R? also differentiable on R? (in C*° actually, but we only need C!).

foh:R?— R should be differentiable on R2.

Again, we use the abuse of notation where we write

f(r,0) = f(z(r,0),y(r,0)) = f(h(r,0))
So from the chain rule we have

fr_(?f_af or  Of 9y

T Or 9z or oy or
= frcosf + fysinf
similarly we have
0 of o0x Of 0
fe_if_if.i_kif.iy

00 ox 00 Oy 00
—rsing - f, +rcost - fy

18.2 The derivative is a linearization

For the n =1 case, suppose f : U C R — R where z¢g € U, yo = f(z9) and f differentiable at z.
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Figure 18.1: We can express the function at x( as a linearization expressed by the tangent line.

We can express f as a linear function

f(@) = f(zo) = f'(z0) (2 — 0) + Ray(h)

where h = x — xg. Also f(xz) — f(xo) is the change in the function, f'(xq)(x — xg) is the change in the tangent line,
and Ry, (h) is some remainder term.

We can say that f is differentiable at x( iff lim,_q RxOT(h) = 0 (this follows from the definition of the derivative:
also, the remainder term approaches 0 faster than the horizontal distance).

Let dy = f(z) — f(z0) (change in function between z¢ and ), dy = f'(z¢)(xz — x¢) (change in the linearization).
Then 0y =~ dy for x close to ¢ then

oy —d
y y—>0ash—>0

For n > 1, let f: U C R™ — R differentiable at xy. Then

f(@) = f(@0) = (Df)ao(x — 20) + Ray(h)

where h =2 — 29 € R" ((Df)a, and (z — xp) are 1 x n (row) and n x 1 (column) matrices, respectively).
where

lim ) _
o 1Al

For h ~ 0, dy = (Df)4(x — 20) is a good approximation of 6y = f(x) — f(zq) because

oy — dy

~s0ash—0
Al

When n = 1, the graph of the linear approximation to f(z) is L(z) = f(zo) + f'(x0)(z — o) (this follows by
dropping the remainder term as it goes to 0). It corresponds to the tangent line

{(z,y) [y = fzo) + f'(z0)(z — 20)}
When n = 2, the graph of the linear approximation to f(z) is the graph
L(z,y) = f(z0,y0) + fa(z0,y0)(x — x0) + fy(z0,y0)(y — Yo)

If we let ¥y = (xg,yo) then we have
L(Z) = f(Zo) + (D f)z, (% — Zo)

which is the tangent plane at (g, 10), i.e. the set of points

{(z,y,2) € R® | z = L(z,y) = f(z0.y0) + fo(0, y0)(x — x0) + fy(20,y0)(y — v0)}
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or
{(z,y,2) €ER®| 2= Az + By + C}

a plane in R3 passing through (2o, vo, f(0,%0)).

<
M

Figure 18.2: Graph of the linear approximation of f : R? — R (n = 2). The curve is a wavy plane in R? and we
can create a tangent plane at (zg,yo). The set at the bottom of the graph is our domain U C R2.

More generally, let f: U C R®™ — R differentiable at o € U. Then the graph of f is

Ff:{(l’l,---,xn,y) GRTH_I ’y:f(-fl,,ﬂfn)}
={(z1,-- 20, f(@1, o 20) | (21,0, 20) €U}

The linear approximation of f at x( is the function L : R” — R where
L(z) = f(x0) + (D f)ay (x — x0)

or explicitly

"9
L(z1,...,2n) €R = fzg) + > 83;2(9«“0)(% — (wo)k)
k=1
:Alx1+A2m2++Anxn+B

where the summation term is B.
The graph of L is

I ={(z1,...,xn, L(x1,...,24)), (x1,...,2,) € R"}
={(x1,...,2n,y),y = A1z1 + ...+ Apx, + B}

is a hyperplane in R"*! i.e. it is almost exactly the same thing as an n-dimensional subspace of R"*! except it

need not pass through the origin.
The graph I';, is the tangent space to the graph of f at (zq, f(z0)) € R"® x R = R*+1,

Remark 18.2. f is just an R” plane “moves around” in R"*!. L approximates the R™ plane at a specific point at
xg for f(zo).
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19.1 Taylor’s Theorem for one variable

Theorem 19.1 (Taylor’s Theorem for one variable). Let I C R be an interval, let p be a non-negative integer.
Let h: I — R be (p+ 1)-times differentiable on I (in particular this means h(¥)(t) = ‘g;—,’f is continuous Vk =0,...,p
while the (p + 1)th derivative may not be continuous).

Let tg # t € I. Then 36 between ty and t such that

B b h ) (tg) R+ (9) ,
h(t) = kZO I (t—to)" + W(t — to)P !

where the summation is the pth Taylor polynomial of h at ty and the last term is R, () the remainder term (Note:
0 is not unique).

Proof. Define y € R by

- 9 () y »
h(t) = kZ:O o (t —to)" + bt 1)!@ — to)P !

This can be solved uniquely for y (since we know all of h, p, to, ¢; that is y depends on h,t,t).
Define H : I — R as

—~ h®)(s) y »
kzzo m G o

=
»
~—
I
=
—~
~
~
|

H is continuous (all parts of it are continuous.) on I and differentiable.
By construction, H(ty) = 0. Also H(t) = h(t) — h(t) = 0 (where all terms disappear except when k = 0).
By Rolle’s Theorem, 30 between ¢o and ¢ such that H'(f) = 0.

Figure 19.1: Rolle’s theorem states there is some 6 between ty and ¢ where the gradient is 0.
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Taking the derivative of the function

P P
R+ (s) h¥)(s) y
o —0_1n Kk . k—1 1 _ g)P
(s)=0 h(s)—i—; (=) +; g R e D)
P p=1
REHD) (5) R+ (s) .
:—h’(s)—ZT(t—s)k—l— T(t—s)]—&-ﬁ(t—s)p
k=1 §=0
R +D) (5) y
= —h(s) — ——(t—95)"+ n'(s) + = (t—s)
p: p:
R (s) y
= —T(t — S)p + H(t — S)p
From Rolle’s Theorem, 30 between tg, such that
H'(0)=0
_pp+1)
= w(f—@)p+£(t—9)p:0
p! p!

— y = hPt(g)
O

Remark 19.1. When p = 0, the theorem is just the Mean Value Theorem (MVT). That is: if & is differentiable
on I, 360 between tg,t such that
B(t) = h(to) + K (6)(t — to)

Remark 19.2. Taylor’s Theorem says that if A is (p + 1)-times differentiable on I, then for any ty € I, we can
approximate h by a pth order polynomial in ¢ — ¢, namely

E!
k=0
with an error term (remainder) “of order (t — to)P*+1”
R+ (6)
t) = ———>(t — to)P!
: TR
in particular
h(t) — hy(t t
0yl _ o Ryl
t—to (Lt —to)P t—to (t — to)P

if h(Pt1) is continuous at t.

19.2 Taylor’s Theorem for C* (not on exam)

Remark 19.3. If h € C*(U) i.e. h*) exists on U Vk € N then h has a pth Taylor polynomial at ¢ty € I Vp € N

(k)
o) = 3 gy

p
k=0
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Question: s limy, o hy 4, (t) = h(t) always true?

Answer: Not always (it always holds for ¢t = ¢y but may not hold for any other t).

Note that if 3t # to in I such that the above holds, then it holds Vs € I with |s — to| < [t — to].

A function for which this is true for some t # tg is called real analytic at .

Such functions have a convergent power series expansion at ty with a positive radius of convergence.

20 February 16, 2018

20.1 Taylor’s Theorem for n variables

We will use Taylor’s Theorem for one variable to prove it for n variables.

Lemma 20.1. U C R” open and non-empty. Let f € CP(U) (all partial derivatives of order at most p exist and

are continuous on U) for p > 0.
Let a € U, € € R" such that
{a+te|tel0,1]}CU

(line segment from a to a + &).

O\

Figure 20.1: We use some vector a € U, ¢ € R?, and a + & € U.

Note that {a +t&} C U for t € (—e, 1 + ¢€) for some € > 0 since U is open.
Define g : (—e,1+¢) - R by

g(t) = f(a+t§)
(restriction of f to the line).

Then g € CP(I) i.e. % exists and is continuous on I Vk =10,...,p and

drg - oF f
IO DN ey el CRlL LR

for 1 <k <p (&= (&,...,&,)) (note we use abuse of notation here: the kth derivative is really a function of the ¢
in a+ t§).
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Example 20.1. For n = 2,p = 3, we have

dt — Ox;
=§1g(a+t§)+§ggg(a+t§)
and
Bg G~
a2 " 2= dum, -(a +t8)&i - &

7]_

= fm:(a + tf)fl + 2fxy(a + t§)€1§2 + fyy(a + t§)§§

Proof. By induction on p (with k) where 0 < k < p.

Let h(t) = a + t€ where h : I — R" is differentiable and we have h;(t) = a; + t&;.

Let g(t) = (f o h)(t) = f(a + t£) which is continuous on I, so g is continuous on U.

Suppose p > 1, f € CY(U) so f is differentiable on U. By chain rule, g = f o h is differentiable on I and

dg " af dh;
E(t) = ; -(h(t)) 7 (t)
= ai (a+1€)&

This proves the k = 1 case.

Assume true for 0 < k < p. We'll show it’s true for k +1 < p.

By hypothesis,
P94 3 :
(0 = Z . 8$Jk<a+ & &,

J17 7.]k 1
We’d like to the derive our k£ + 1 derivative
dk-i—lg d dkg n d 8kf
Lyeess =
We claim that % (function F) is in C*: the first partial derivatives of F are the (k 4 1)th partial derivatives
1°° k

of f so 8:}01 ..,%—i are continuous on U since f € CP(U) and k + 1 < p.

So F € C1(U) = F is differentiable by the chain rule

d n |
ZF@®) o) = Y 5 (@), () =

where z(t) = a +t{ = dmz =&
So we have

dk+1

n akJrlf
Wg(t) = Z - (a+ tg)gjl T 5jk+1

Jde=1 890]-1 e 81‘jk+1
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and ¢g(*t1(t) is continuous on I because it’s a composition of continuous functions (k + 1 < p). O
We'll use the lemma to prove the general Taylor’s Theorem (for multivariables). First some notation

Definition 20.1. We denote

(D™ f)a(€) = Z ————(a)é1 ... &

J1yeosJk= 1amj1' 830]’“

for k > 1 and (DO f), = f(a).

Theorem 20.1 (Taylor’s Theorem for n variables). Let U C R™ open, f: U C R® — R be in CPTY(U). Let a € U,
¢ € R™ such that {a +t£ |t € [0,1]} CU.
Then 360 € (0, 1) such that

PP 1 g
f(a+§)—kz_0 i TP Dae(©)

Proof. Define g(t) = f(a + t§) as before on I = (—¢,1+¢€).
By Lemma, g € C**1(I), g®) () = (D™ f)ay1(§) Yk =0,...,p+ 1.
By 1-D Taylor’s Theorem with tg = 0,t =1 (and 6 € (to,t) = (0,1)) we have

P gk (p+1)
g'™(0) E, 9 (9) +1
1)¢) =¢g(1) = 1-0 )Y
flat 9 =50 =3 =0 -0+ a0
_ 3 (PDel) | (D7 Pesec(®)
prt k! (p+1)!
as desired. O
Example 20.2. Explicitly for p =0 where p+1 =1
fla+€) = kZ:: Far @+ 095
(a) + (Vf)(a+06S)-¢
Example 20.3. Explicitly for p =1 where p+ 1 =2
fla+¢) = €k+ (a+ 0)&;&
8
]k: 1
where (Vf)(a) - € = Y- 5L (a)é
Example 20.4. Explicitly for p =2 where p4+1 =3
! " 9%f 1 & 3 f
o) = 00+ DS 30l g 3 g e 00
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20.2 Hessian matrix
Definition 20.2. The Hessian of f at a € U is the n X n symmetric matrix (Hess f), whose i, j entry is

Lt
émamj

So Z; k=1 9z, 8:%( )f]fk Z;L,k:ﬂ(HeSS f)a]jkfjfk = (Hess f)a(fag) = fT(Hess f)af
If A is a symmetric real n X n matrix the bilinear form associated to A is the map A : R” x R" - R
Alw,y) = > Ajpajye =2+ (Ay) =y - (Az) =2 Ay = y" Az
k=1

where z,y are n X 1 column matrices and A is n x n. A symmetric implies that A(z,y) = A(y, x)

20.3 Example of Taylor’s Theorem

Example 20.5. For n =2, U =R? and f : R? — R where f(z,y) = sin(zy) let a = (a1,a2) = (v/5,1/%)-
With Taylor’s formula for p =1 (p+ 1 = 2)

fz = ycos(zy) fea = —y” sin(zy)
fy = xcos(xy) fyy = —z? sin(zy)

fay = cos(zy) — zy sin(zy)
Taylor says 3 some 6 € (0,1) such that
a+ 08 = [a1 + 0&1, a2 + 0§2] = [c1, ¢o

Let (z,y) =a+ & = (a1 + &1, a2 + &) where & =z — a1, =y — as.
Then we have

f(x,y) = fla1,a2) + fo(ar,a2)(x — a1) + fy(a1, a2)(y — az)

1
+ §[fm(01, e2)(z — a1)? + 2fuy(er, e2)(x — a1)(y — az) + fyyler, e2)(y — a2)?]
For this example, a1 = ao = f So we have

fz(a1,a2) = fy(ai,a2) =0
f(ar,a2) = Sln(2) =1

Thus we end up with

f(z, )—1+0—|—O+1[ 3 sin(cie2)(x \/§)2+2(COS(0162)—6102Sin(CIC2))($_\/?)(y_\/g)_c%Sin(clc2)(y_ )7

20.4 Application of Taylor’s Theorem
Proposition 20.1. Let f: U C R® — R. Suppose f € C1(U).
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Let K be a compact subset of R” with K C U. If E C K is convex, 3 a constant M > 0 (depending on f and on
K but not on E) such that

1f(z) = fW)ll < Ml —y[| Vo,yeE

Proof. f € C! so each a‘% is continuous on U. K C U is compact so % are bounded on K by EVT.
So 3M > 0 such that
IVH@IP =3 (5,-(a)* < M?* Vae K

k=1
So

Cc-S

[(V)(a) o] < (V) (@)llllv]] < Mllv]]

for all a € K and all v € R™.
By Taylor'sfor p+1=1,let z,y€ Fandlet =y + & =2 —y =¢&. Then

fly+8) =f)+(Vf)la)-¢

For some a between x,y. Since E is convex then a € F so then

f@) = fy) = (V)(a) - (z —y)
=f(z) = Fl < Mllz -y

as desired. O

21 February 26, 2018

21.1 Lipschitz functions

From before, we showed that

1f(x) = fWll < Mllx —y[| Vz,yeE

on some F C K C U. This says the restriction of f on F is Lipschitz: in particular any Lipshitz function on a
set I is uniformly continuous on E (for any ¢, choose § = 17). Note however that uniform continuity does not

imply Lipschitz.

21.2 Slightly more general version of Taylor’s theorem

Theorem 21.1 (More general 1-D Taylor’s theorem). Let I C R be an interval, p € N. Let h: I CR — R be p
times differentiable (previously we had p + 1). Then for ¢t # ¢y € 1

ht) = h(k;(f‘” (t = t0)* + Ry p(t)
k=0 ’

where the summation is the pth Taylor polynomial of & at ¢y (as before) and the Ry, ,(t) is some general remainder
term (previously we knew this was a term in terms of h®*1)(8) for some 6 € (to,1)).
Note that

Rto,p(t)

lim —or\’)
£t ( — to)P

(prove using L’Hopital’s rule).
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Theorem 21.2 (More general multivariable Taylor’s theorem). f: U C R"™ — R (U open, as always). Suppose
f € CP(U) (previously had CPTH(U)). Let a € U, ¢ € R™ such that

{a+1t,te|0,1]} CU
Let

(DW f)a(6) = | Z I

(as before). Define h(t) = f(a + t£). Apply (more general) 1-D case to tg = 0,t = s. One can show that

P D)
fy =3 DO g )

where x = a + ¢ and where
lim Ra7p(x) —

o —all?
21.3 Optimization (min/max) for real-valued functions of several variables
Let f: U CR™ — R (m = 1) be differentiable on U (e.g. this is automatic if f € C1(U)).
Definition 21.1. Let a € U. We say f has a local minimum at ¢ if J¢ > 0 such that
f(x) = f(a) Vz € Bc(a)

(i.e. all points around it in some open ball of radius € > 0 are greater than it).
We say f has a local maximum at a if 3¢ > 0 such that

f(x) < fla) Vz € Be(a)
Claim. If f has a local maz or a local min at a € U, then
(Vf)(a) =0
Proof. Fix j € {1,...,n}, a = (ai1,...,a,). Consider the one variable function
g(t) = fla+tej) = flar,...,aj-1,a; +t,aj41,...,an)

g(t) has a local max or local min at ¢t = 0.
So by single variable calculus, ¢’(0) = 0. So we have

; t—0 t t—0 t
Soac%(a):(]foralljzl,...,n. O]

21.4 Critical points and saddle points
Definition 21.2. A point @ € U such that (Vf)(@) = 0 is called a critical point of f.

7



Winter 2018 MATH 247 Course Notes 22 FEBRUARY 28, 2018

We’ve shown if f has a local max or local min at a, then a is a critical point. But the converse is not true: not all
critical points correspond to local extrema.

Example 21.1.
fla,y) = a® =y
We have
(Vf) = (2z,—2y) = (0,0)

at (x,y) = (0,0) (this is a critical point). It is however not a minimum or a maximum.

x 0.5

Figure 21.1: A graph of f(x,y) = 22 — y? where (0,0) is a saddle point.

Definition 21.3. A critical point a € U of f is called a saddle point if Je > 0 such that Ve’ € (0,¢), 3z, yBe(a)
f(@) < fla) < f(y)

(i.e. one side goes up and one side goes down).

21.5 Second derivative test

This was covered in class but was re-visited (with corresponding proof) later on.

22 February 28, 2018

22.1 Bilinear and quadratic forms

Definition 22.1. H is bilinear on R™ i.e. H : R® x R™ — R such that

H(av + bw,u) = aH (v,u) + bH (w, u)
H(v,aw + bu) = aH (v,w) + bH (v, u)
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where a,b € R and u,v,w € R".

Let eq,...,e, be standard basis of R™. So

n n
T = § Ti€i Y= E Yji€j
i=1 j=1

where z,y € R".

H(z,y) = Y Hlei,ej)miy;
i,j=1

by bilinearity (we can factor out each ey).
Define H;; = H(e;, e;) (entries of an n x n real matrix that represents the bilinear form H with respect to the basis

{61, .. .,en}).

n
H(w,y) = Y Hijwy; =" Hy

ij=1
n n
H(y,z) =Y Hiyyiw; = >  Hjy;zi
,5=1 i,j=1

We say H is symmetric if H(z,y) = H(y,z) Vz,y € R". Clear: H is symmetric iff H;; = Hj;.

From now on suppose H is a symmetric bilinear form. @ is a homogeneous 2nd degree polynomial (no terms
have degree < 2) on R™.

In particular it’s continuous on R"™. Notice: if A € R

Q(\z) = \2Q(x) (22.1)

Aside: if we know @ is the quadratic form of some symmetric bilinear form H, then H can be recovered from @)
via the “polarization” identity:

Qr+y)=H(x+y,x+y) = H(r,x)+2H(z,y) + H(y,y)
= Q(z) + Q(y) + 2H (x,y)
Definition 22.2. Notice Q(0) = 0 always.
1. We say Q is positive definite if Q(x) > 0 Vx # 0.
We say @ is positive semi-definite if Q(xz) > 0 Vz € R™.
We say Q is negative definite if Q(z) < 0 Va # 0.

We say () is negative semi-definite if Q(z) <0 Vz € R".

AN I

We say @ is indefinite if 3z, y € R™ such that Q(z) > 0, Q(y) < 0.

For indefinite, non-degenerate means no z # 0 = Q(z) = 0. Degenerate if there is such a z.

Aside: This property of () is connected to the signs of the eigenvalues of any matrix representing the bilinear form
H. The number of positive, negative, and 0 eigenvalues are independent of choice of basis (the quantity is the same,
but they may be different valued). So
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1. positive definite <= only positive eigenvalues

2. positive semi-definite <= only non-negative eigenvalues

3. Similarly for negative cases.

4. indefinite <= 3 at least one positive and one negative eigenvalue (there may exist 0 eigenvalues to0o0).

Lemma 22.1. Let @ be a quadratic form associated to symmetric bilinear form of H.

1. If Q is positive definite, IM > 0 such that Q(z) > M||z|* Vx € R™.

2. If Q is negative definite, 3M > 0 such that Q(z) < —M||z||? Yz € R™.

Proof. Let
St =0(B1(0)) = {z e R" | |7 =1}

(called unit sphere in R™).

S"~! is compact (closed and bounded). Why is it closed? We have F : R*® — R and F(z) = ||z||> where F is
continuous. Note that S"~! = F~1({1}) where {1} is closed in R. Thus the inverse image of closed is closed.

Q is continuous on compact set S”~!. By EVT 3 some M € R such that

Qz)>M Vzres!

and some o € S"~! where Q(z9) = M.
But since @ is positive definite and z¢ # 0 (it’s on unit sphere), then M = Q(x¢) > 0. Let  # 0 € S" !, so we
have £ € S~ ! (||| = 1). By eq. (22.1) we have

[l

M<0 < d ) — QM) = Q) = Mlalf

]

for 2 # 0 and trivial for z = 0.
Negative definite case similar. O

22.2 Second derivative test

From the above lemma, we can prove the second derivative test.

Theorem 22.1. Let f: U CR® = R, f € C*(U) (we usually only consider C? functions for 2nd derivative tests).
Let a be a critical point for f ((V.f)(a) = 0).

Let H;; = %aj;j(a) and H be the Hessian of f at a (symmetric n X n matrix represents symmetric bilinear form
with associated quadratic form Q).

1. If @ is positive definite, then f has a local min at a.
2. If Q is negative definite, then f has a local max at a.

3. If @ is indefinite, then a is a saddle point of f.

(otherwise test fails and any of the 3 can happen).
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Proof. By Taylor’s theorem, since f € C?(U) we have

1w 02f

f(z) = fla) +(Vf)(a) (x —a) + B m(a)(ﬂfz‘ —a;)(z;j — a;j) + R(z)
i) L

note that (V f)(a) = 0 since a is a critical point. We also have

lim R(z)

2
z=a ||z — al?

for all = in some ball B,(a) C U.
Let y =z — a. Then

F(2) = fla) + 5 > Hisyiys + R()
ij
for x € B, (a0 and
R(y)

— = 22.2
W Tl (22.2)

Rewriting with Q(y) = >, Hijyiy; we have

£(&) = Fla) + 5Q() + R(w)

By eq. (22.2) 36 > 0 (WLOG ¢ < r) such that

lyll <o =

R M
| (ygl <M
[yl 2

So we have

— <<
2 lly|?

Case 1: @ is positive definite By lemma, 3M > 0 such that Q(y) > M]||y||* Vy. Thus we have

M Rly) M —-M M
)< M My < mey < Yy

£(x) = (@) + 3Q) + RW)
> fa)+ Byl — Gyl

so f has a local min at a.

Case 2: () is negative definite IM > 0 such that Q(z) =< —M||y||? by lemma. So

£() = f(@) + 5Q0) + R(y)

M M
< fla) - ?H?JHQ + ?HyHg

= f(a)

so f has a local max at a.
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Case 3: @ is indefinite dy,y non-zero in R™ with

Qy)=A>0
Q(y)=-A4<0
where 4, A > 0.
Define for t € R
Yy =ty
Uy =ty

By eq. (22.2) 30 > 0 such that for any z € R" and ||z|| < ¢ and

Rz 1 . A A

—— = < —IMIN{7—55, =55 — €
R < 2 e e

(ie. —|z]%e < R(2) < €||z||?).

Let |t] be sufficient small so v, 9: € Bs(0) i.e.
y 0
Iyl N9l
Let = a + y such that

flatw) = £(@) + 3Q0u) + Rlw)
2
= fl@)+ S A+ R(w)
similarly f(a +§) = f(a) — A+ R(G).

Then we have

flatw) = f(a) + 5 A+ Bw)

t2 t2 1 A
ZA— 2 A 2

2 12
—A-—A

(@)

f
f
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Similarly

2
fla+ i) = fla) = S A+ R()
2 1A
<f(@)—§14+§w“yt\’
= f(a)

So a is a saddle point of f.

23 March 2, 2018

23.1 Examples where 2nd derivative test fails

Example 23.1.

all have one critical point at (0,0).
Their Hessians at (0,0) are

0 0]
(Hess f)(0,0) = |:O 2

0 0]
(Hess 9)(0,0) = [0 —2]
0 0]
(Hess h)(0,0) = [O 2|

they are all neither positive definite, negative definite, nor indefinite (3x # 0 such that 7 Hz = 0 so no definite

cases; all either positive or negative elements so not indefinite).

Test fails so we cannot apply it. The point (0,0) for any of the three functions is either a local min, local max, or a

saddle point (unknown).

23.2 Matrix norms

. . 2
Let R™*™ space of n x n real matrices, which ~ R™ as a vector space.

Definition 23.1. Define the norm on R"*" by taking the usual Fuclidean norm on R

2 2
A]" = Z Az’j

ij=1

Claim. Let A € R™" and x € R" ~ R"*!, so Az € R™*! =~ R".
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We claim

(just like for op norms).

Proof. We have

Thus we have

So we can express

as desired.

23.3 Inverse function theorem

Theorem 23.1 (Inverse function theorem). Let f : U C R™ — R™ be in C*(U) for some k > 1.

[Az| < [|Af}flz] vz < R"

A1 T
A2 o
A = €Tr =
Ap, Tn,
All'
Asx
Ax = 2 e Rx!
A,z

n

1Az ] =) (4; - )?

i=1

c-5
<) AP )?
i=1

n
= Jll* Yl Ail?
i=1

= |l=[*[lA”

Let V. = f(U), let a € U such that (Df), is invertible (note that n = m since we require square matrices for

invertibility).

Then 3 open set U C U containing a, an open set VNQ V contain f(a), and a map g : V. — U (with g(V) = U)
such that g(f(x)) =z Vo € U and f(g(y)) =y Vy € V.

Moreover, g € C*(V) for the same k and if b € V then

(Dg)o = [(Df) p-1)] "

Figure 23.1: Diagram of a function that satisfies the inverse function theorem for some U, V.
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Lemma 23.1. We claim that

is a bijection.

23.4 Lemma 1 for inverse function theorem

Lemma 23.2. Lemma 1 (inverse function theorem) Let f: U C R" — R" (U open) be in C*(U) for k> 1. Let
ac€U. If (Df), is invertible, then 3 open n’h’d U of a with U C U and M > 0 such that

I1f(z1) — f(x2)|| = M|zt — @] Vai,22 €U

Consequence: The restriction of f to U C U is one-to-one (set f(z1) = f(x2) = o1 = x9).

Proof. Let L = (Df),. By hypothesis L is invertible. Thus

Tl — T = LilL(xl — .1:2)
= L7 YLz — Lay)
|21 — x| = | L7 (Lay — Las)|

<L Ly — Las||
1

1
= —||Lxy — Las| let 2M = ———
2M L=

So we have
|Lxy — Las|| > 2M ||z — 22| (23.1)

Since f € C*(U), k > 1, each g:{; is continuous on U. (Df), is the n x n matrix whose (4, j)th entry is gg;
So the entries of the matrix (Df), are continuous functions on U.

Recall that L = (D f), where a € U, so Je > 0 such that if ||x — a|| < € then

n

> (

ij=1

Ot tay = 2 ay2(Dg), - 12 < 2L (232

8$j (:L‘) B 6l‘j

(take ||z — al| < 6;; which implies ||gg]:; () — gg; (a)|? < J\f—;, then € = min{d;;} and the result follows).
Define h(z) = f(z) — Lz, where h : U C R" — R".

Note that (DL), = L (for any linear maps as shown on midterm Q3).

So

Thus we have

|(DR), | = [(Df)e — L] < yﬁ (23.3)

if x € Be(a) by eq. (23.2).
Apply MVT to h € CY(U) on B(a) (i.e. Taylor’s theorem for p + 1 = 1 applied to each component of h € C!):
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Given z1, 22 € Be(a), 3 ¢;’s on line segment between 1 and x3 such that
hi(x2) — hi(z1) = (Vhi) (i) (z2 — 21)
9 €28 2 2
[hi(z2) — hi(z)[® < [[(Vhi)(e)l[*[|lz2 — o1 ]|

Summing over all components h;

D Nhi(az) = ha(z)l* <Y (VR (e) |l — 2]
=1

=1
eq. (23.3) .\ M2
< Dyl -l 1(Vhi)(e)l? < (DR)e,|I?
=1

= M?|lwz — mf?
Therefore ||h(x2) — h(z1)]| < M||x2 — x1|| for all x1, 22 € Be(a). This can be written as

| f(22) = Lo — (f(z1) — La1)|| < Ml[zg — 21|
[(f(z2) = f(z1)) = (Laa — La1)|| < M|[zg — 21|

Note that ||A—B|| = ||B—A|| > ||B]|—||A]| (by triangle inequality). Thus for A = f(z2)— f(z1) and B = Lxo — Lz

Mzg — x1|| > |[A— B > || B[l — || A]
= [[L(z2 — z1)|| = [|f(22) — f(z1)]]

eq. (23.1)
> 2Mllaz — @] = [ f(z2) = flz1)l]

Thus the lemma immediately follows. O

24 March 5, 2018

24.1 Lemma 2 for inverse function theorem

Lemma 24.1 (Lemma 2 (inverse function theorem)). Let f: U C R™ — R™ be in C*¥(U), k > 1. Let V = f(U). If
f is injective (1-1) on U and (Df), is invertible Y € U, then V is open.

(Note: on A8 Q5 we use Lemma 1 and Lemma 2 to show that you can remove the injective hypothesis from Lemma
2 and the result still holds).

Proof. We want to show V' is open.

Let b € V. We want to find an open ball centred at b completely contained in V.
Since f : U — V is an injection then 3 one a € U with f(a) =b (a = f~1(b)).
Because U is open, Je > 0 such that

K =B (a) CU
(take an open ball by openness, then take a closed ball slightly and strictly smaller).
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Figure 24.1: Diagram of proof for Lemma 2 for the inverse function theorem.

Note 0K is compact because it’s closed and bounded. Since f is continuous, f(0K) is a compact subseteq of R™
contained in V.

Since a ¢ 0K so b & f(OK) because f is 1-1 on U.

Since f(0K) is compact and hence closed, and b ¢ f(OK) so 36 > 0 such that

Bas(b) N f(OK) = @ (24.1)

(b € (f(OK))© which is open so open ball).

Claim. For any y € B;s(b), y = f(x) for some z € K.
If the claim holds, then Bs(b) C f(K) C f(U) =V then V is open. It remains to prove the claim.
Let y € Bs(b).
Define ¢ : U — R by ¢(x) = || f(x) — y||>. Since f € C¥(U) for k > 1 and z + ||z||? is in C°°(R™) by the chain rule
¢ € C*(U) for k > 1 so ¢ is differentiable.
Since K C U is compact by EVT 3 point zp € K such that ¢(xo) < ¢(z) Vo € K (global min).
TODO(richardwu): Why is anything from below until the part where we know z is already a local
minimum necessary? Thus
¢(a) = | f(a) —yl* = [|Ib—y|I* < *
since y € Bs(b) and a € K, then ¢(z¢) < 62 since g is where our global minimum is.
Suppose xg € K. Then f(x¢) € f(OK) so f(xzg) & Bas(b) by eq. (24.1) so || f(xo) — b|| > 26.
Thus we have

A
1/ (z0) = yll = [If (zo) = 0l = [Ib—y]|
>20—0>9

So ¢(xg) > 62 which is a contradiction.

Hence g € 0K so xg € int(K).

¢ has a local minimum at x (since it is a global min).
Hence ¢ is an optimal point of ¢ so (V¢)(xo) = 0.

¢(x) = || f(x) — y|I?
= (fule) — )
k=1

90 Ny O
&Uj—l;?(fk(l’) Uk) D,

Thus
(Vo) (z0) = 2(f(x0) = y)T (D f)ay =0
By hypothesis, (D f); is invertible Vo € U, xg € K C U so (Df),, is invertible which implies that f(z¢) —y = 01xn.
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So f(xp) = y which proves the claim.

24.2 Lemma 3 for inverse function theorem

Lemma 24.2 (Lemma 3 (inverse function theorem)). (Same hypothesis as Lemma 1 and 2).
Let f:U CR™ = R" be in C¥(U), k> 1,V = f(U), f is injective (1-1) on U and (Df), is invertible Vz € U.
Then

g=f1V=fU —-UCR"

is continuous.

Proof. Let W C R"™ be open. We needto show ¢g~!(WW) C V is an open subset.

g W) ={y eV, gly) e W}
={yeV,gly) e WnU}
=g '(WnU)
=f(Wnu)

So we need to show f(W NU) is open for all W open on R™, but this follows by applying Lemma 2 with U replaced
by UNW. O

24.3 Lemma 4 for inverse function theorem

Lemma 24.3 (Lemma 4 (inverse function theorem)). (Same hypothesis as Lemma 1, 2, and 3).
Let f:U CR™ = R" be in C¥(U), k> 1,V = f(U), f is injective (1-1) on U and (Df), is invertible Yz € U.
Then g: f~!: V — U is differentiable at b for all b € V and

(D)o = [(Df) 1))

Proof. Let b € V. We will show ¢ is differentiable at b and (Dg), = (Df),! where f(a) = b.
We need to show 3 linear map 7" : R™ — R such that

Lo 9lb-+ 1) = g(b) = T(h)

=0
h—0 17l

Let L = (Df),. We'll show T = L' works (which proves the theorem), that is

_ g(b+h)—g(b) — L~ 1h
Gh) = Tl

as h — 0.
Define §(h) = g(b+ h) — g(b) for ||h|| small. We claim Je > 0 such that bW 35 hounded for 0 < ||h|| < e.
Noti [

otice

5(h) = [RIG(h) + L (h) = W < |27 + G|

(if we knew lim, .5G(h) = 0 then it follows it is bounded for 0 < |||| < € for e sufficient small, but we don’t know
this: this is exactly what we’re trying to prove!)
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By Lemma 1, 3U C U, open n’h’d of a and M > 0 such that
1 f(@1) = fz2)|| = Mllz1 = zo|| Var,22 € U

By Lemma 2 since f is 1-1 on U, V = f(U) is open.

Choose € > 0 such that b+ h € V = f(U) when ||| < e.

So b+ h = f(z) for some z € U thus g(b+ h) = =.

Applying eq. (24.2) with 1 = g(b+ h) = f(z1) = b+ h and 22 = f(b) = f(z2) = b we get

16+ h) = bll = Mllg(b+ h) — g(b)|

So
16N _ Nlg(b+h) — g(b)]
7] 7]
if 0 < ||h|| < €, thus we’ve proven the claim that it is bounded.
Thus

1
<
- M

5(h) — L~th
17l
—L7'(h— Li(h)) [|o(h)]
l6(R) || 17l

G(h) =

We know §(h) # 0 if h # 0 because g is 1-1 on V, so

h = Lé(h) - 1SR
16(A)] 7]

G < L™ -

So it is enough to show that the second term — 0 since the other terms are bounded.
Note that

b+h=f(gb+h)) = f(g(b) +(h)) = fla+(h))
Soh=f(a+d(h))—b= fla+(h))— f(a).
So we have
h—Lé(h)  fla+6(h)) — f(a) — Li(h)

lomll 15

(24.2)

Note as h — 0 then ||§(h)|| — 0 because by Lemma 3 ¢ is continuous on V so limy,_o g(b+ k) — g(b) = 6(h) = 0, so

the above — 0 since L = (Df), and f is differentiable at a.
Thus g is differentiable at b and (Dg), = (Df);* = [(Df) )] "

25 March 7, 2018

25.1 Lemma 5 for inverse function theorem

(Same hypothesis as Lemma 1, 2, 3, and 4).

Let f: U CR® = R" be in C¥(U), k> 1, V = f(U), f is injective (1-1) on U and (Df), is invertible VYo € U.

Forg: f~':V = U, g € C*(V) for the same k.

Proof. Lemma 2 says V is open.
Lemma 3 says g: f~' : V — U is continuous.
Lemma 4 says g is differentiable on V.
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go f:U — U is the identity map. By the chain rule

(Dg)po (Df)a=1

where b = f(a), so (Dg), = [(Df)g(b)]_l (we gave another proof last time) where f(a) = b and a = g(b).
Define a map Dg : V — R™ " where

Dg vV & u 2w ) (25.1)

b g(b) — (Df)gwy — [(Df) gy (25.2)

where i = A — A~ is the inverse and i : W — W is in C°°(W) (this follows since i(A) = Zﬁgﬁ; where det(A) are

entries of degree n — 1 homoegenous polynomials which are in C*). (W C R™ ™ in fact open subset of invertible
matrices).

We want to show f € C*¥ — g € CF for k > 1.

Base case (k= 1): Since f € C! = Df € C°. g € CY by Lemma 3, so Dg € C° by eq. (25.1) so g € C.

We’ve shown this for & = 1.

Inductive case: suppose f € C""1(U), r —1 > 1 implies g € C""1(V).

We want to show this is true for r.

Let fec C" = fc O™ ! = g€ C"! by inductive hypothesis.

Also Df € C""'so Dg=io0(Df)oge C™! (they're all in C"71).

Thus g € C". O

25.2 Proof of inverse function theorem

Recall the theorem:

Theorem 25.1 (Inverse function theorem). Let f : U C R™ — R"™ be in C¥(U) for some k > 1.

Let V = f(U), let a € U such that (Df), is invertible (note that n = m since we require square matrices for
invertibility).

Then 3 open set U C U containing a, an open set V C V contain f(a), and a map g : V — U (with g(V) = U)
such that ¢(f(z)) =z Vo € U and f(g(y)) =y Vy € V.

Moreover, g € C*(V) for the same k and if b € V then

(Dg)o = [(Df) 1))

Proof. Since f € C! and det((Df),) # 0, 3 open n’h’d of W of a, W C U such that (Df), is invertible Vo € W
(this follows since det((Df),) is some function of a and is not 0. Since det((Df),) is continuous there is an open
n’h’d where it is also not 0 and thus making D f invertible on this W).

Lemma 1 says 30U C W, U open n’h’d of a such that f‘ _ is one-to-one.
~ ~ U
Lemma 2 says V = f(U) is open.
Lemma 3 says f~' : V — U is continuous.
Lemma 4 says f~!is differentiable.
Lemma 5 says f~! € C*(V) for the same k. O

25.3 Example of inverse function theorem

Example 25.1. Let (z,9) = f(u,v) = (uv,u® + v?) where f : R? — R?. Note that f € C°°(R?) since f; are
polynomials.
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We want to prove f~! exists and is C°° in some nonempty open set containing (2, 5).
For f(a,b) = (2,5), find all points (u,v) € R? such that f(u,v) = (2,5).

2
u =2=v=—
U
2 2 2 4
U
S ut—5u+4=0
= (- 1Dw?-4)=0

So (u,v) ={(1,2),(-1,-2),(2,1),(=2,—1)} (4 points).
Note that

ofn o v u
(Df (u,v) = [gj% éajyz] |:2u 21}:|
Thus det((Df) () = 2v* — 2u? = 2(v? — u?) # 0 for any of our points.
So by the Inverse Function Theorem (IFT), for any of these 4 points (a, b) there is an open n’h’d U of (a,b) and an

open n’h’d of V of (2,5) such that f: U — V is 1nvert1ble and ftec>w).
Aside: Let’s see this explicitly. For = uv and y = u? 4+ v?, we solve for u, v as functions of x, y.

x
v=—
u

2
x
y:u2+ﬁ:>u4fu2y+x2:0

So

U

2:y:I:\/y2—49U2 éu:i\/yi\/y2_4x2
2 2

2
v=H4g, | —
\/y:l:\/gﬂ—éla:2

Note we have 4 solutions for u and v (4 combinations of +).
Each are defined on a n’h’d of exactly one of 4 points (a,b) we found before: note when z = 2 and y = 5 so

u? = &73 =4 or 1 which means u = 2,—2,1, —1.

25.4 Informal motivation for implicit function theorem

Informal motivation: Let f: W C R"™™™ — R? (where R" x R™ = R"t™),

We write z € R? = f(y,z) where y € R” and x € R™.

Question: Can we solve the equation f(y,x) = 0 for y as a function of 7 (we want to find y = h(x) such that
f(h(z),z) =0 for all z).

This would say that f(y,x) = 0 implicitly defines y as a function of x.

Simplest case: suppose f is linear where R"™ — RY. f is multiplication by a q X (n + m) matrix.

Frn = A[Y] = [, a0 [Y] <o
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where [i] is an (n +m) x 1 matrix (y and x is n x 1 and m X 1, respectively, and A,, and A,, are ¢ x n and ¢ x m

matrices, respectively).

From linear algebra: this system of linear equations will have each y1, . .., y, uniquely determined by each (arbitrary)
choice of x1,...,zy, if the ¢ X n matrix A, is square (i.e. ¢ = n) and invertible (full rank) i.e. det(A,) # 0.

Idea for general case: if f € C*(W), k > 1, we approximate near (yo,zo) € W by its linearization at (yo,zo) where
f (o, z0) = 0:

L(y,z) = f(yo,z0) + (D) (yo,m0) [g - iﬂ
—A {y - yo}
T — Zo

We'll see that locally (near (yo, o)) the solvability of f(y,z) = 0 for y as a function of y = h(x) of z is equivalent
to the solvability of the linear system L(y,z) = 0.

That is if gg; (yo, x0) is invertible (¢ = n) then we expect IW C W open n’h’d of (yo, zg) such that f(y,z) = 0 can

be solved for y = h(z) for all (y,z) € W.

26 March 9, 2018

26.1 Implicit function theorem

Theorem 26.1 (Implicit function theorem). Let f : W C R"™ — R" (note ¢ = n!) be in C¥(W) for k > 1.
Suppose f(yo,xo) = 0 for some (yo, o) € W.

Let A be the n x n matrix where A;; = %(ZJO, zo) (Ay from before).

If det(A) # 0 (i.e. A invertible) then IW’ C W open n’h’d of (yp,x¢) and an open n’h’d U of zp in R™ and a
function h: U C R™ — R", h € C*(U) for the same k such that

{(y,2) e W' | f(y,2) = 0} = {(W(x),2), 2 € U}
i.e. on W', the points where f = 0 can be expressed as y as a function of .

Proof. Define F: W C R — R?™ by

F(y,z) = (f(y,z), )

where F' € C*(W) (components are C* since f(y,z) € C¥ and z € C™).

Note that
|: :|
B 0 1m>< m

wher DF is an n 4+ m X n + m matrix, the top quadrant has n rows and the left quadrant has n columns (bottom
and right quadrants have m rows and columns respectively).

Note that det((DF')(y,0)) = det(A)det(I) # 0 (determinant of triangular matrix is the product of the diagonals).
We can apply the inverse function theorem on F. By InvFT, 3W’ C W open n’h’d of (yo, o) and V’ C R"*™ open
n’h’d of F(yo,z0) = (0,20) such that V' = F(W') and F : W' — V' is invertible with F~! € C*(V").

Define U CR™ by U = {z € R™ | (0,z) € V'}.

Note zg € U.

(DF) _ a;:. (0, o) 33];. (0, o)
(yo,x0) ng(yo, xo) 8;- (3/07 370)
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Claim. U is open.
Let 7 € U <= (0,%) € V', but V' is open so Je > 0 such that B.(0,z) C V. Note that

(y:2) € Be(0,2) <= Iy = 0* + [|l= — z|* < &
So
(0,2) € B(7) <= |z —7|* < € <= x € B()
where the second <= follows from before since ||y — 0[|* > 0.
Since B¢(z) C U so U is open.
Let G = F~1 € C*(V’) such that

G(v,u) = FY(v,u) = (y,z) = (G1(v,u), Go(v,u)) (26.1)

where F(y,z) = (f(y,z),z) = (v,u).

Since the second component of F' just takes x — x (identity), Ga2(v,u) = u = Ga(v,u) = =.
So F~1(0,u) = (G(0,u),u). Let h: U CR™ — R" be h(u) = G(0,u), h € C*(U).

So F~Y0,2) = (h(z),x) for all z € U. Note that

{(y,2) e W' | fy,z) =0}
=(F ' o F){(y,z) e W' | f(y,z) = 0}
=F YF(y,z) | (y,2) € W and f(y,z) = 0}
=F~1(0,2) | (0,2) € V'}
={FY0,z) |z € U}
={(h(z),z) |z € U}

26.2 Example of implicit function theorem
Example 26.1. Given zq, yg, 4o, Vg, So, top nonzero real numbers that satisfy the simultaneous equations
u® + sz + ty =10
v? +ta + sy=20
25%c + 2%y —1=0
sSr—t2y =0
(this is almost impossible to solve explicitly: we may only want to know it exists).

Show that 3 smooth (C*°) functions u(z,y),v(x,y), s(z,y),t(z,y) defined on an open n’h’d of (z¢, yo) such that
u, v, s, t satisfy the equations and
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We’ll apply the implicit function theorem. Define f : RS = R4**2 — R* where

u? + sz + ty
v? +taty
2522 + 2t%y — 1
s?x — t2y

f(U,U,S,t,IE,y): 6R4

By hypothesis, f(ug,vo, So, to, o, yo) = 0. Also

20 0 =z Y
10 2v oy T
Df = 0 0 4sz 4ty

0 0 2sz —2ty

So we have

2UO 0 o Yo
0 21}0 Yo i)
0 0  4soxg 4toyo
0 0 280£L'0 — 2t0y0

A=

where det(A) = (2ug)(2v0) (—8spzotoyo — 8soxotoyo) = 64ugvosotoroyo # 0 since they’re all non-zero.

So wu,v,s,t exist by be the implicit function theorem in a n’h’d of (zg,y9) and are in C* (since f is in C*,
polynomials).

26.3 Constraint optimization (methods of Lagrange multiplier)

Suppose we want to optimize (maximize or minimize) a real-valued function f(z1,...,z,) subject to k constraints

g1(z1,...,xy) =0

gk(x1,...,x) =0
where 1 <k <mn, f,91,...,9x: U CR" — R.

Example 26.2. Optimize f(z1,...,25) = Y 1"y x? subject to the constraint 1 ... -2z, =1l and z; +... 4+ z, = 0.
Idea: Suppose a € U was a local mazx or local min of f subject to the constraints g;(z) =0,7=1,... k.

It’s no longer true that (Vf)(a) = 0. This time, we do not permit moving in arbitrary directions at a because of
the constraints.

PRV 72

leve( sed

X

Figure 26.1: Example of a given level set (a given g;) as a “wavy plane” and the intersection of all constraints i.e.
x € U restricted to all constraints as the line.

(on assignment 7, we showed that (Vg;)(a) is L to any tangent vector to the level set {z | g;(z) = 0} at a).
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So we only consider direction u such that u is tangent to all level sets g;(z) = 0,7 =1,...,k, that is
(Vgi)(a) - u=0 Vi=1,...,k
In these directions we’ve assumed f has a local extrema at a i.e.
(Vf)(a) - u=0

for all such u’s.
So we must have

(V@) = M(Vgi)(a) + ...+ A(Vgr)(a)

for some Ap, ..., A\;x. These are called Lagrange multipliers (there are actually n equations here, one for each
Along with our k constraints g; = 0, we have k + n equations for k + n unknowns (ai,...,an, A1,..., A).

Example 26.3. Find extrema of f(x,y) = 422 — 3xy subject to constraint g(x,y) = 22 + 3% —1 =0 (g(z,y) is the
constraint that (x,y) has to be on the unit circle).

(in EVT, 3 a global maximm of f on this set).

We have

Vf+AVg=0
=(8z — 3y, —3z) + A(2z,2y) =0
So
8x — 3y +2zA =0
—3x+2y/\:0:>x:§)\y
2+ y2 =1
So we get (pluggin the 2nd result into the 1st equation)

16 ANy
—\y—3
gV TVt

=(4X2 +16A -9y =0

=0

So either y = 0 — = = 0 which is a contradiction of our constraint, or

AN+ 16N —9=0= (2A - 1)(2A+9) =0

SO A = 2 or A= 79
When A\ = 5, then (z,y) € {( %),( _11 ) A 2.)}, which both have values f(z,y) = 3.
When \ = 79 , then (z,y) € {( f) (W W)}’ which both have values f(z,y) = 3.

Thus we have our two global m ns and two global maxes, respectively (by EVT).

3
&3l
3\
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27.1 Lagrange multipliers
Theorem 27.1 (Lagrange multipliers). Let 1 < k < n. Let W C R"™ (open). Let f: W C R" — R and

g: W CR™ = RF (component functions gi,. .., g are the constraint functions).
Let S = {w € W | g(z) = 0} (the “constraint” set). Let a € S.
Suppose

1. f has a local extrema at a subject to the constraints g(x) = 0 (i.e. f restricted to S has a local extrema at a).
2. rank((Dg),) = k (where (Dg), is k X n thus maximal rank).

Then 3\ € R* such that
(Df)a+ADg)a=0

where (D f)4, A and (Dg), are 1 x n, 1 X k and k x n matrices.

Equivalently,
k
ofi 9y .
; - =1,...,
oz, (a) —I-;)\ oe, (@) =0 Vj n
or
k
(V@) + D Xi(Vai)(a) =0
i=1

Proof. Note that k x n matrix (Dg), has rank k by hypothesis

(Dg)a = |§2(a)]
(Vg1)(a)

(Vo))

where (Vg;)(a) row vectors are linearly independent. From linear algebra, 3 k x k minor (matrix) of (Dg), with
non-zero determinant.
WLOG by re-ordering the coordinates we can assume

(Dg)a = [A B]

where A and B is k x k and k X (n — k), respectively, and det(A) # 0.
By the implicit function theorem, 3U C R®* open containing (ag,1,...,a,) = @ and h : U C R** — R* with
h € CY(U) such that

h(zgps1,... xn) = (T1,...,Tk)
and
9(T1y e Ty Ty 1y ey ) = Ve e S
<~ g(h(xk—‘rlv s 7$n)7xk+17 s 7xn) =0 T = (xk-‘rl: s >$n) €s
and (ai,...,ax) = h(agy1,...,a,) = h(a). (i.e. on some n’h’d of a, the points x € S can be written with respect to
T1,...,2 as C! functions of zpy1,...,2y).
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Define H : U C R"* — R” (where H € C*(U))

H(xgi1,. -y xn) = (M(@gs1y ooy Tn), Thtty -« Tn)

H(z) = (h(z),z) VzeU

Define f,§ € C'(U) as

f=foH:UCR" 53R
goH:UCR"F 5 RF

(they are restrictions of f, g to the constraint set S).

By construction, § = 0 on U since g(z) = 0 Vz € S. Also, f has a local extrema at @ € U (this is now unconstrained).
So we have (Dg)z = 0 (because g =0 on U and a € U), and (D f)z; = 0 (because a local extrema of f at a).

Note that H(z) = (h(Z),Z), so

(DH), = [(f 2]

where (Dh)z is k x (n — k) and I is (n — k) x (n — k).
By chain rule, we have

= A(Dh); + B =0

where A € RF** B e R®*(=F)_(Dh); € RF*("=h) and T € R=k)x(n=h),
So we have (Dh); = —A~!B.
Let (Df)a=[C D] (where C € R”* and D € R (=k)) Thus we have

(Df)a = (Df) 1@ (Dh)a

=[C D] [(Dlh)ﬂ

— C(Dh)a +D — 0

Thus D = —C(Dh)z = —CA~'B from before.
We want to show that

(Df)a+)\(Dg)a =0
Note that

0 0]=[C D]-[CA'A CA'B]
=[C D|-CA'[A B]
:>(Df)a + )\(Dg)a =0
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where A = —C AL O

27.2 Examples of Lagrange multipliers

Example 27.1. Find all extrema of f(z,y,z) = 2% 4+ y? + 22 (square of distance from origin) subject to the 2
constraints: z —y = 1 and 3% — 22 = 1.

Figure 27.1: Diagram of R? with constraints 2 — y = 1 (plane) and y? — 22 = 1 (hyperbola). Actual values in the
constraint set must be in the intersection of the two graphs.

There exists points on constraint set with arbitrary large distance from origin (no global max).

We know there will exist a global min (which will also be a local min). We expect 2 local minima since y? — 2% = 1
cuts twice into the other constraint plane.

We have

g1(z,y,2) =r—y—1=0
¢(r,y,2)=y*—22—1=0

and from Lagrange multipliers we know Vf + AVg; + uVgs = 0, thus
(21'7 2y7 22) + A(la _17 0) + :U‘(Oa 2ya _22) =0
or

2+ X2=0
2y —A+2uy =0
22 —2uz=0=2(1—p)=0

From the last constraint, either y =1 or z = 0:

# =1 Then the second equation becomes 4y = A and the first equation becomes 2z + 4y = 0 so x = —2y.

From our original constraint equations, we have from gy -3y =1 =y = %1 and from go % —22=1=22= 5
which is a contradiction since squares are always positive.
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z =0 From g2 we have y = +1 and from ¢g; we have x =y + 1.
Thus we have two solutions (2, 1,0) and (0, —1,0) (which satisfy all the other equations too).
Thus we have f(2,1,0) =5 (some local min) and f(0,—1,0 =1 (global min).

Example 27.2. Extremize volume subject to constant surface area. Let V(x,y,z) = zyz and S(z,y,z) =
2xy + 2xz + 2yz = ¢ for some constant ¢ > 0.

Note that zy, zz,yz are bounded. Also it is easy to see that as z — oo, then y — 0 and z — 0 (for zy and zz, as
x — 00, y and z must go to 0 since they are constant). Thus V' — 0.

So there’s no minimum (V' can go towards 0 as we move to infinity in any direction). But there will be a global max
(think of constricting the space to a ball where everything outside has f(z,y,2) < k for some constant k. Then by
EVT local max inside ball is global max).

From Lagrange multipliers, we have

VV +AVS =0

Thus we have
(yz, 22z, 2y) + A(2(y + 2), 2(z + 2),2(z +y)) =0

or

yz+2X\y+2) =0

xz+2Nx+2) =0

zy+2\z+y)=0
where A # 0 since z,y,z > 0.

Taking x times the first equation subtracting y times the second equation we get 2 Axz = 2A\yz thus ¢ = y = 2.
Therefore the maximum volume occurs for a cube.

Example 27.3. Opposite problem as above: extremize surface area subject to constant volume.

Claim. No global max, but there will be a global min.

Note that V(z,y,z) = zyz = C and S(x,y, z) = 2zy + 2xz + 2yz=. We let y = z (arbitrary) (also y? = %) As
x — 00, then y = z — 0. So we get S(z,y, )—4a:y+20 =4y/C2'? +2¢ 5 50 as z — .

Then by Lagrange multipliers we have V.S + AVV = 0. After solving, We see that © = y = z which means a cube
has minimal surface area given constant volume.

28 March 14, 2018

28.1 Boxes and size of boxes in R"

Definition 28.1. Let I = [a1,b1] X [ag2,b2] X ... X [an,by] € R™. I is the Cartesian product of closed bounded
intervals, i.e. x €l < a;, <z <b;foralli=1,...,n.

We'll call I a box in R™ (interval in R, rectangle in R?, box in R3).

It is clear I is compact because it’s closed and bounded.

Definition 28.2. Define the size of a box I u(I) € R (scalar) to be

p(I) = (by — a1)(bz — ag) ... (b — an) = [ [ (ox — ax)
k=1

(length in R, area in R?, volume in R3).
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Figure 28.1: Boxes and their size interpretation in R, R?, R3.

Remark 28.1. This should be thought of as an n-dimensional “volume”. This is also called the Jordan content,
sometimes “Jordan-measurable” (bad terminology since even if it has a Jordan content it may not be “measurable”).

28.2 Zero size

Definition 28.3. Let £ C R™. We say E has zero size (and write u(E) = 0) iff Ve > 0, 3 boxes I, ..., Iy with
EC Ufcvzl I, and Zi\;l w(I) < € (i.e. we can cover E by finitely many boxes whose sizes sum to as small as we
want). Note Iy, ..., I} need not be disjoint.

Clearly: If E has size zero then any U C E has size zero.

The empty set clearly has size zero (any box will vacuously cover it). We will see other sets also have size zero.

Example 28.1. Let E = {z} (singleton). Let I5 = [z1 — J,z1 + 0] X ... X [z, — §,x N + 0]. Note that {z} C I5 and
p(Is) = (26)™.
For any € > 0, choose § > 0 such that (2§)" < € therefore £ = {z} has size zero.

Example 28.2. Let E,. .., E, be subsets of R" with size zero. Then J;; E, has size zero.

Proof. For each k = {1,...,m} 3N} boxes I 1,I;2,..., I N, such that Ej C Ujvzkl I, ; and Z;V:’CI w(lry) < 5
Then {I;; |1 <k <m, 1<j<Ny}covers E=Jj_ Ejand >, Zjvzkl Iy ;) < e O

28.3 Continuous graphs of compact sets have zero size

Proposition 28.1. Let K C R™ be compact. Let f: U C R™ — R be continuous on U with K C U. Define
Uy ={(z, f(x)) e R" [z € R"}

or the “graph of f over the set K”. Then I's, has size zero.

Intuition: note that there is a bijective correspondence between I'y i and K (we can project each point in I'f g back
to its point in K). Since K is finite size (compact) then K has finite size. Note I'f i is in one higher dimension so
it’s actually a very “thin” plane that corresponds to K in R"*! so it should have size zero.

Proof. Let € > 0 be arbitrary. Since K is compact, it’s bounded so 3M > 0 such that K C [-M, M| x [-M, M] x
... X [-M, M] where there are n intervals. That is x € K = |zg| < M forall k=1,...,n.

Since f is continuous on K and K is compact we know f is uniformly continuous on K so 30 > 0 (WLOG
d < 1)) such that if z,y € K and ||z — y|| < §, then |f(z) — f(y)] < SeIE

Let § = % s0 0 < 1. Also choose N € N such that N§ < 2M and (N + 1)6 > 2M (by Archimedean Principle).

For ki,...,k, € {0,1,...,N} define Iy, j. = [~M + k10, —M + (k1 + 1)8] X ... X [=M + k6, —M + (kn, + 1)4].

n
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Figure 28.2: Each set of k1, ..., k&, corresponds to a 5 grid square in the diagram.

€l g, = —p+ kjg <z; < —p+ (kj + 1)5
Each Iy, .k, is a box in R”, so u(ly,,. k,) = (5)”
Given ki, ..., kp, choose yi, . k. € It k., such that yi, € K. If no such point exists, we won’t need that
index k1, ..., ky, (i.e. in the diagram, we choose a yg, ., in each box of the grid inside the red K compact set; red

dots in diagram).

For those ki,...,ky, such that a yg, . exists, define

n

€
2(2M + 1)

€

2(2M + 1)n]

Threokn = Db X [ Yhrobn) = Fhr,oobn) +
in R"™, 50 (2,8) € Jiy by <= @ € Ty, and [f(yhy, ko)l < sz

Jky....ky 18 @ box in R and

€
Wk son) = k) * oy
_ ()
T 2M 4 1)

“\om+1) €

Let # € K then x € Iy, _j, for at least one ki, ..., ky 50 || — Yk, g, ||* < n(S)2 < 8%
S0 12— Yoyt | < 6 = (&) — F Gharto)| < aairgye 50 (@ F@) € Jigotr
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Hence I'y i € Uy, .1, Jk1,... k- Note that the size of I'y i is

St Trka) = > <2j\;+1>6

ki,....kn ki,....kn
5
< " Y ] — DY n 1 1
<(N+1) <2M n 1) € k; ={0,...,N} = (N +1)" combinations of them
5
= ((N+1)—"
<( U5t 1) ‘
<e€
where the last line follows since N6 < 2M and 6 < 1, so (N +1)§ < 2M + 1 thus (éVJi)lg <L O

28.4 Boundary of boxes have zero size

Corollary 28.1. (corollary to proposition): Let I be a box in R™ then dI has zero size.

Proof. 01 is a finite union of graphs of continuous functions over compact sets. E.g. for a interval in R we have two
points. For a rectangle in R? we have line segments (similarly for a box in R?).

It is thus the union of 2n sets, each of which is a graph of a continuous function over a box (compact) in R*~1
which is zero size, thus 01 is of zero size. O

29 March 16, 2018

29.1 Non-zero size

We’ll need a technical lemma that gives us an equivalent characterization for what it means for a set to have zero

size.
Recall: E C R" has zero size if Ve > 0 if 3 I, ..., Iy boxes (N depends on E, ¢) such that E C Ujvzl I; and

SNl < e

Definition 29.1. A F C R"™ does not have zero size iff d¢; > 0 such that V finite collections of boxes I1,..., I,
with F C Ujvzl I, we have > ", pu(I;) > eo (this is the definition of non-zero size).

We first show a weaker technical lemma that is similar to the definition.

Lemma 29.1 (Technical lemma for zero size). A subset E C R" does not have size zero iff 3¢y > 0 such that V
finite collections of boxes I, ..., I, with £ C Ué\le Ij where int(I;) N E # @, we have > 1, u(I;) > €y (we only
include the I;’s that matter unlike the definition).

Proof. Backwards: Clear: take €y = €y so > pu(L;) > > p(lj) > € (since int(I;) N E # @ so I; must be contained
within all I;’s, all possible collection of boxes that cover E).

Forwards:

Suppose E does not have size zero. Jey > 0 such that the statement from the definition holds.

Let ¢ = % > 0. Suppose Iy, ..., Iy boxes in R" where E C U§V21 I;.

By reordering, WLOG

int(Ij)ﬁE;«éO j=1...
int(Ij)ﬂE:() j=m-+1 ...

= 3

102



Winter 2018 MATH 247 Course Notes

29 MARCH 16, 2018

This implies that I, N E C 0l for j =m+1,...,N.
From last time, 0I; has size zero so

N N
U Ij NEC U 81]'
j=m+1 j=m+1
, Jm in R™ such that

N M
U nneEC
=1

j=m+1

so this has size zero. So 3 boxes Ji, ...

and

Also note that

m M
Ec|JL U(Uﬁ)
j=1 =1

This is a cover of E by finitely many boxes. By our stronger definition of non-zero size we have

m M
Do)+ ull) = e
j=1 =1
thus
m

=
—~
N
S~—
AV
|8
Il
M

since M u(l) < R

O

Remark 29.1. Not having size zero does not mean it has positive size. It may not have any well-defined size!

29.2 Partitions of boxes

Definition 29.2. Let I = [a1,b1] X [ag, b2] x ..
For j € {1,...,n}, choose t;o,%;1,..

. X [ap, by] be a box in R™.
S LN Nj >1suchthat a; =t;0 <tj1 <tj2<...< tjN;—1 <tjnN; = b;j.

Figure 29.1: Each interval can be partitioned by t;,..
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Let PjZ{th |l:0,1,...,Nj} andP:Pl XP2 X oo, XPn.

Thenx € P <= xj€ Pjforall j=1,...,n.

Such a P is a called a partition of the box.

P has Ny x Ny X ... x N, elements.

A partition P of I determines a subdivision of I into N1 x ... x N, boxes of the form

Tiy e = [tk 1] X oo X [ s T n 1]

where k; € {0,1,...,N; — 1}.

Figure 29.2: A 2D box I € R? is partitioned where Ny = 4 and Ny = 5 (for 20 boxes). The shaded in box is
11,2 = [t171,t1,2] X [tg,g,tzg] where kl =1 and k2 =2 (IlOt 3).

The boxes in the subdivision of I corresponding to the partition P only only intersect at most along their
boundaries.

Figure 29.3: A 3D box I € R? where we have subdivisions that only intersect at corners, edges and faces.

29.3 Riemann sum (in terms of partitions and boxes)

Definition 29.3. Let f : I — R™, I C R" be a box and P be a partition of I. Let I, where a € P be the
corresponding subdivision of I. Then
1= L

aeP

For each I, choose z, € I,. Then

S(£,P) = f(za)nla)

aeP

is called a Riemann sum for f with respect to the partition P (note that p(I,) € R are scalars hence S(f, P) € R™).
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Remark 29.2. Given f and P, 3 infinitely many Riemann sums S(f, P) corresponding to different choices of
To € 1,.

29.4 Refinement of partitions

Definition 29.4. Let P and ) be two partitions of the same box I. We say that @) is a refinement of P if
P; CQjforall j=1,...,n (P; and Q; are the partition points ¢;;: so (); contains all partition points of P; and
more!).

That is, all the subboxes Jp of I corresponding to ) are themselves subboxes of one of the subboxes I, of I
corresponding to P.

Note that

I=Jr.=J7Js
a B
each I, is a union of some Jg’s.

Remark 29.3. Let P and @ be any two partitions of I. There always exists a partition R of I that is a common
refinement (i.e. it is a refinement of both P and Q). Just take R; = P; U Q; for all j.

29.5 Riemann integral of box

(not in the textbook, see notes by V. Runde linked in syllabus). The other integration theory is the Lebesgue
integration theory.

Definition 29.5. Let I C R" be a box. Let f: I — R™. f is integrable on [ iff dy € R™ with the following
property: Ve > 0, there exists a partition P, of I such that, for any refinement P of P, and any Riemann sum

S(f, P) corresponding to P, we have
1S(f, P) —yll <e

(i.e. Riemann sums converge).
If this holds, we say f is Riemann integrable on I and y € R™ is called the Riemann integral of f over I and

we write
yz/f
I

Remark 29.4. On assignment 10, we prove that such a y is unique if it exists.

29.6 Cauchy criterion for Riemann integrable
Theorem 29.1 (Cauchy criterion). Let I C R™ be a box, f: I — R"™. The following are equivalent (TFAE):
1. f is Riemann integrable on [

2. Ve > 0, 3 partition P, of I such that for any refinements P, @ of P. and any Riemann sums S(f, P), S(f, Q)
we have

1S(f; P) = S(f, Q)] <€

Proof. (1) = (2):
Let y = [, f. Given e > 0 there exists P. such that ||S(f, P) —y| < § for all refinements P of P..
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So

1S(7.P) — S(£.Q) <

!5(f P) =yl +ly =S5/ Q)
_|_

A

£.¢
2 2
€

Conversely, suppose (2) holds.
For all £ € N, there exists P, of I such that

1
IS(,P) = S(£. QI < 5

for all refinements P, Q) of Py.
By taking their common refinement WLOG Py is a refinement of Py for all k.
For all k € N, fix a particular Riemann sum S(f, Py) = sp € R™.
If I > k then
A -1

st = sell <D llsjea — s
=

(\

1 :
% because Pji1 is a refinement of P;
J=k

N

which — 0 as k — oo.

So s; is a Cauchy sequence in R so it converges to some y € R™. Need to show y = [ ;[ Let € >0, choose
K large enough so QLK < §and ||sg —y| < §. O

30 March 19, 2018

30.1 Refined/simplified Cauchy criterion lemma

Lemma 30.1 (Refined/simplified Cauchy criterion). f: I — R™ is integrable on [ iff Ve > 0, 3 partition P. of I
such that if Si(f, P.), So(f, P.) are any two Riemann sums for f with respect to P, then

HSl(f,P) S2(fa )H <€

(this is equivalent to the previous two statements mentioned in section 29.6). i.e. we just need to know that the
Riemann sums corresponding to a single partition P are within e.

Remark 30.1. We’ll use this lemma many times to prove results.

Proof. Forwards: Since f is integrable, we use (2) of the Cauchy criterion and take P = @Q = P..
Backwards: Suppose second part of lemma holds. We need to show (2) of the Cauchy criterion holds.
For P and @ refinements of P, P has subcover I =], I, and @ has subcover I = [ 58

Observe f(x) = (f1(x),..., fm(z)). So we have

=" faa)ulla) = v = (v1,... ,vm)
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W?ere 1;j = > o li@a)pu(la) = S(f;, P). Similarly S(f,Q) = > 5 f(yp)u(lp) = w = (Wh,...,wy) where w; =
S(f5, Q).

Thus we have
IS(f, P) = S(f, Q) = v —w]?

m
= lvj—wl?
j=1

S(f;,P) = S(f;, Q)7

M§

<.
I
—

If we can show each of |S(f;, P) — S(f;,Q)|? are < <, then we are done.

This means WLOG we can assume m = 1 (if our lemma implies (2) of Cauchy criterion holds for m = 1, let € > 0.
Apply our lemma for € = > > 0. Our lemma implies (2) for m = 1 with € yields our lemma implies (2) for a general
m from the summation).

Assume m = 1. Let P, be given by our lemma where I =, I»-

Let P, @ be refinements of P.. P has decomposition I = | 5 Jp and @ has decomposition I = UV K,. Each I, is a
union of finitely many Jg’s and also a union of finitely many K,’s. Thus

U »= U kK

B,JpCa YKy Cla
So we have
S(f. P Zf zg)H Jﬁ)_Zf(y'y)M(Kv)
:Z ST Faulp) = > (> flyu(Ky)
a B,JsCla o 7,KyCla

for some zg € Jg and y, € K, (just one of each since we are in m = 1).
For each «, choose z,,w, € I, such that

F(2a) = max{ f(55), (y), 8,7 such that Jj C I, and K, C I}
f(we) = min{ f(xg), f(yy), VB3, such that Jg C I, and K, C I,}

(we have finitely many 3,~ as above). By construction f(wq) < f(zg) < f(zq) for all 5 such that Jz C I,. Also
—f(2a) £ —f(yy) < —f(wq) for all v such that K, C I,. Then

[f(wa) = flza)lu(Te) = flwa) | D> uls) | = Flza) | D nlKy)

B,J5CIa v, K Cl,

< Y flapup) - Y. fluyu

 BJaCla 7K Cla

<flza) | D] wp) | = flwa) | D Ky

BaJﬁgla 'YaK'ygIa

= [f(2a) = f(wa)]p(la)
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Thus we have established an inequality that sandwiches our S(f, P) — S(f, Q) for a given « (second line). Summing
over all a we have

- (Z(f(zam(.ra)) - Z(f(wawa))) <S(f,P)=5(£,Q) < flza)ple) = flwa)u(la)

« «

Thus going back to our initial equation

S, P) = S QI < S Fean(la) = 3 Flwa)n(la)
= |Z f(za)pla) — Z f(wa)p(la))|

= |Sl(f,P€) - SZ(f7P6)|
<€

where the last line follows from our initial assumption of the second part of the lemma. O

30.2 Bounded and continuous “almost everywhere” = integrable

Theorem 30.1 (Integrable with size zero discontinuity). Let I C R™ be a box. Let f: I — R™ be bounded. Let
S C I be the points in I where f fails to be continuous. If S has size zero, then f is Riemann integrable on I.
(informally, a function which is bounded and continuous “almost everywhere” (except S size zero) is integrable.
Note “almost everywhere” means something similar but different in measure theory).

Remark 30.2. If S = @ then boundedness is automatic for f by EVT (since I is compact and there are no gaps).

Remark 30.3. If f is integrable on I, then f must be bounded (assignment 11 question 2; hint: integrable f means
all components are integrable).

Remark 30.4. We usually define integrability on interior points, but note that Ol has size zero so we can always
include it into our set .S, thus we can say all of I is integrable.

Proof. Since f is bounded, 3C' > 0 such that
[f@)] <C Vzel

Claim. Because S has size zero, 3 a partition P of I such that

Z :u(Ia) < E

a,loaNS#D

Proof of claim: Start with a cover of S by boxes with sum of sizes < ;. Note that S is a subset of I. Take any
partition P of I. Refine P using the boxes from our cover for S (we take the endpoints of every box in the cover
of S and use that in our refinement). The subdivisions in the partition that actually overlap S has equal or smaller
size.

Let K =, 1,ns.0 la- This is compact.
Since K is compact and f |x is continuous, then f |k is uniformly continuous on K.
36 > 0 such that x,y € K such that

€

2p(1)

[z =yl <& =I[lf(x) = fyll <
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Choose a refinement @ of P such that for each subbox Jg of @ where Jg = [ag ),b(ﬁ)] oo X [a,(f),bgﬁ)] with
maxj:17,,,7n]b§-ﬁ) agﬁ)\ < %
Let S1(f,Q), S2(f, Q) be any two Riemann sums for f wrt Q. Then

Si1(f,Q) — Sa(f,Q meﬁ (Ja) = > Fyp)u(Js)
B

151(f, Q) — S2(f, Q)| < > Ifs) = flys)lu(Tp)
B

= > f@s) = fwa)lln(Ts) + D I (@s) — f(ys)lln(Js)

| f(zs) — f(yp)|l < 2C since f is bounded so we have

< 3 ecoun+ ﬁ])wﬂ)

B,Js LK B,JsCK
€

2C 1

< 20( C) D)
_€, €
2 2
=€

Thus f is integrable by Refined /simplified Cauchy criterion. O

31 March 21, 2018

31.1 Riemann integral on general set D C [

Definition 31.1. Let D C R” be bounded. Let f: D — R™. Choose any box I in R™ such that D C I (possible
since D is bounded).

Define f: I — R™ by f(z) = f(z)ifz € D and f(z) =0if z ¢ D (i.e. f is the extension by zero of f from D to I).
We say f is Riemann integrable on D iff f is Riemann integrable on I and we write

Jot= b7

Claim. This is well-defined (independent of choice of I).

Proof. Exercise (key point: f is identically zero outside of D).
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Figure 31.1: We can show that any box [; or Iy works for the above definition.

31.2 Bounded arbitrary set with size zero boundary implies integrability

Theorem 31.1. Let D # @ and bounded subset of R” with u(0D) = 0 (i.e. the boundary 0D has size zero).
Suppose f: D — R™ is bounded and continuous, then f is (Riemann) integrable on D.

Remark 31.1. Boundedness of f is automatic if D is closed since f is continuous.

Proof. Let I be a box such that I O D. Let f be extension by zero of f from D to I.

f is continuous at each point in int(D) by assumption. f is continuous at each point in int(I \ D) because it’s
identically zero. 3

So S = {z € I such that f is not continuous} C 9D U JI has size zero.

So by previous theorem f is integrable on I, so f is integrable on D. O
31.3 Indicator function

Definition 31.2. Let D C R" be any subset. We define the indicator function Xp : R" — R of D to be

Xp(x) 1 ,ifzeD
a
P00 itz gD

31.4 Size of general sets

Now we can define the size of more general sets.

Definition 31.3. Let D C R" be bounded. We say that D is sizeable iff Xp is integrable on D (equivalently if
f:D—=R, f(x) =1Vx € D is integrable on D).

If D is sizeable, then the size of D is
uo)= [ 1= [ xp= [xp1s
D D I

for any I 2 D.
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Remark 31.2. In books where p (size) is called “Jordan content”, then to say a set D is sizeable means D has a
well-define Jordan content aka “contentable”.

Remark 31.3. A set D may or may not be sizeable. If it is sizeable, the size may be zero or positive (i.e. integral
is non-negative for non-negative functions; we’ll see this later).

31.5 Characterization of sizeability

Theorem 31.2. Let D # @ and bounded. Then D is sizeable iff 0D has size zero.

Proof. Backwards:

Suppose (0D) = 0. Then Xp is continuous except on a set of size zero, so Xp is integrable on D, so D is sizeable.
Forwards:

Suppose D is sizeable. We must show 9D has size zero. By contradiction, suppose 0D does not have size zero.

So by Technical lemma for zero size from last week, deg > 0 such that if I, ..., Iy are boxes in R™ with UIN 20D
then

N
> () = €o

j=1,int(I;)NOD#2

By hypothesis, D is sizeable so Xp is integrable on D. Let I O D (box). 3 a partition P of I such that

XD7 /XD’<

(where [; Xp = pu(D)).

Let’s consider two different Riemann sums for Xp with respect to the partition P (i.e. choose z,, € I, for all « for
Riemann sum 1; y, € I, for all a for Riemann sum 2).

For Riemann sum 1, if int(I,) N 0D # &, choose any z, € D (by property of 0D, where 0D N D # @). If
int(Il,) N 0D = &, choose z,, € I, arbitrary.

For Riemann sum 2, If int(1,) N 0D # @, choose y, € D¢ (by property of D). If int(I,) N 0D = &, let yo = 4.
So we have

S1(Xp, P ZXD Ta)p
S2(Xp, P ZXD Ya )
Thus
S1(Xp, P) = S2(Xp, P)= Y ulla) > <o

a,int(Io)ND#L

from before (note that for int(l, N D = &), yo = T, so they cancel out; for the above case, Xp(yn) = 0).
But

|S1(Xp, P) — S2(Xp, P)| < [S1(Xp, P /XD| + |/XD — S9(Xp, P)|
< §+ 2
:60
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Contradiction: so 0D has size zero. O

31.6 Properties of Riemann integrals

Let D C R™ be bounded.

1. Let f,g: D — R™ be integrable on D. Let A, x € R. Then Af + ug is integrable on D and

/D(Aerug)—)\/Deru/Dg

Proof. Assignment 10 question 3. O

Let V' be the space of all functions from D to R™ (inf. dimensional real vector space).
Let W be the set of all integrable functions from D to R™.
The property says W is a subspace of V and [ : W — R™ ie. f— [ f is linear.

2. Let f: D — R (m = 1!) be integrable on D and non-negative. Then [, f > 0.

Proof. Suppose [, f <0. Let e=— [, f > 0. Choose a partition P of I O D such that

But f is non-negative so S(f, P) > 0 for any Riemann sum, a contradiction. O
Corollary 31.1. If D is sizeable, u(D) > 0.

3. Let D be sizeable and f : D — R (m = 1!) be integrable on D and IM7, My € R such that My < f(z) < M,
Vz € D. Then Miu(D) < [, f < Mou(D).

Proof. Let h : D — R where h(z) = My — f(x) > 0 on D.
Also My = My - Xp is integrable on D by property (1).

So
0</ h=/ M2XD—/ f:Mzﬂ(D)—/ f
D D D D
so h is integrable by property (1) (the case for M is similar). O

4. Let Dy, Dy C R™ be bounded with (D1 N Dy) = 0.
Let f: Dy U Dy — R™. Suppose f is integrable on Dy and Ds. Then f is integrable on Dy U Dy and

[ oa=f e
D1UDo Dy Do
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Proof.
Claim. If f is integrable on some subset E, then f is bounded on F (exercise of assignment 11).

Claim. If u(E) = 0, then f is integrable on E and [ f = 0.

Proof of claim: When m = 1 (real-valued), use property (3) i.e. M; < f(x) < M3 on D, then M;iu(D) <
fD f < MQN'(D)'

Choose a box I D D1 U Ds. Thus

Where the first equality holds since f is integrable on Dy, so fXp, is integrable on D; U Ds.
Similarly fXp, is integrable on D; U Ds.

Also, u(D1 N Dy) =0, so by the first part of claim #2, fXp,np, is integrable on D; U Dy (continuous except
possible on a set of size zero).

Note that
fXD1UD2 = fXD1 + fXDz - fDlﬁDQ
Thus
T rty (1
/fXD1UD2 P Ope:y( ) /fXDl +/fXD2 - /fXDlﬁDQ
I I 1 I
= f=1 f+/[] f-0

D1UD> D Do

by second part of claim 2. O

5. Let D C R™ be bounded. If f: D — R™ is integrable on D, then ||f|| : D — R where || f||(z) = || f(x)] is

integrable on D and
1 s [
D D

Proof. Let I be a box containing D. Let € > 0. We'll use the refined Cauchy criterion for integrability.

Since f is integrable on D, each component function f; : D — R is integrable on D. So 3 a partition P, of I

such that .

|Sl(fj7pe) - S2(fjaP6)| < E
forall j =1,...,m (by taking a common refinment of the m partitions corresponding to the m component
functions).

Let {I,} be the subboxes of I determined by P.. Fix j € {1,...,m}.
Let x4, yo € I, arbitrary.

Choose zq, Wq € {Ta, Yo} Where

fi(za) = max{fj(xa), fi(ya)}
fi(wa) = min{fj(za), fj(ya)}

(i.e. Za,Ya correspond to whichever that maps to a larger and smaller value on f;, respectively).
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Thus we can rewrite

Z|f] Ta)

for any j (from our premise).

So

[S1UIfIL Pe) = Sa(ILf Nl Pe)| = \lefj Za)lp(la

<

— [iWa)|n(la) = D (fi(za) = fi(wa))u(la)
- Z fj(wa)M(I

A

I
smmg
Sh
—

ZHfJ Ya) | 1(Ia

<ZHf (Ta) = f (o) |l 1(1a)

€
—m
m

=€

= [1bll] < [la — b]

n
loll < Jos]
j=1

So |S1(||f], Pe) — S2(|| f]l, Pe)| < € For any two Riemann sums of || f|| wrt P, so by the refined Cauchy criterion

| f]| is integrable on D.

Since f, || f|| both integrable on D, for all € > 0, 3 partition Q¢ of I O D such that z, € I, for all « satisfies

both

So we have

IIZf(fca)u(I ) -
HZHf o) || Lo

[r<s
- [ <5

IA D>

1 =3 saand
S+ 1Y fwa)nd

S+ 2l F@a)lula)

s+ (fIm+p)

IND AN

N

SR

Therefore || [, fIl < [pllfI| + € for any € > 0, so we have || [, fI| < [, f]]-
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32.1 Mean value theorem for integration

Theorem 32.1 (Mean value theorem for integration). Let D C R™ be compact, connected, and sizeable. Let
f: D — R be continuous on D. Then 7 at least one point xg € D such that

/ f = f@o)u(D) (32.1)
D

Proof. If p(D) = 0 then both sides of eq. (32.1) are zero for any zg € D ([, f = 0 by claim #2 in property (4)).
So assume p(D) > 0. Let

M; = min{f(z);x € D}
My = max{f(z);x € D}

(exists because D compact and f continuous so f(D) compact and hence bounded).

In fact, by the extreme value theorem, these extrema are attained, that is 3x1, 2 € D such that My = f(x1) and
My = f(x2) (not unique).

By property (3), Miu(D) < [, f < Mpu(D), thus

Ml:f(xl)gu(lD)/ngf(@):MQ

Since D is connected 3 (not unique) xg by the intermediate value theorem such that

1
f(l"o)—MD)/Df

Remark 32.1. Why is it called the mean valued theorem?
Suppose f(x1),..., f(zm) € R, z1,...,2p € D then

M
Mean(y;) = E;folk)) - §ZJ;

(this is of course not rigorous but rather a heuristic for intuition).

33 March 26, 2018

33.1 Fubini’s theorem for evaluating integrals

How do we actually evaluate a Riemann integral? We use Fubini’s theorem, which allows us to decompose an
integral over a region in R” into n iterated single-variable integrals over regions in R!, then applying the fundamental
theorem of calculus.

Theorem 33.1 (Fubini’s theorem). Let I be a box in R™. Let J be a box in R™. Then [ x J is a box in
R = R™ x R™.
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Let f: 1 x J — RP. Suppose that f is integrable on I x J and for each x € I the function where y — f(z,y) i.e.
f(x,-) : J — RP is integrable on J, that is
[ 1@y =F@ err
J

or [ ([, f(x,) = [, [

Remark 33.1. This means if the hypotheses are satisfied, to integrate over I x J, we can first integrate over J,

then over I.
Of course if f is integrable on I x J and f(-,y) is integrable on I for all y € J, let G(y fI . Then G is
integrable on J, and [, G = [}, ; f.

exists for all © € I where F': I — R™.
Then F is integrable on I and

Proof. Let € > 0. Since f : I x J — RP is integrable on I x J, there exists a partition P of I such that

H (f, P fH <z (33.1)

IxJ

for any Riemann sum of f wrt any refinement P of P..

Let Q¢ and R, be the partitions of I and J respectively such that P. = Q. x R (i.e. we have (P.); X ... X (P)n+m
where (Qc)r = (Po)i for k=1,...,n and (Re)g = (Pe)pti for k=1,...,m).

Let @ be any refinement of @), (partition of I) with corresponding subdivision I,. Choose z,, € I,. For each a,
the function y — f(z4,y) is integrable on J. So 3 a partition T, of J such that for each refinement 7" of T, with
corresponding subdivision Jz we have

€

= 2(1)

(33.2)

H S o, ys)ulJs) — Flaa)
B

where y3 € Jg the left term is S(f(zqa,-), T) and F(zs) = [; f(a,-).

Let T¢ (partition of J) be a common refinement of R. and T, for all a with corresponding subdivision Jz of J.
Then Q¢ x T is a refinment of P with corresponding subdivision I, x Jg of I x J.

Choose yg € Jg arbitrary, thus from (33.1) we have

yp)u(la)p(Js) — szfH < (33.3)

where pu(Io)p(Jg) = p(la x Jg).
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Thus we have

| o)~ [ 1| < \ <xa>u<fa>—§f<xa,yg>u<fa>u<Jg>\\+ S e L) - [ 1
(33‘3)5“ "X ) - s vstntn) ) + 5
o 3

We’ve shown F': I — RP is integrable on I and [, F = [ 1« /- We found a partition Q. of I such that for any
Riemann sum of F' converges for any refinement @ of ). i.e. ||S (F,Q) fI><J fll <e O

33.2 1-D Fubini’s corollary
Corollary 33.1. (p =1, m =n =1). If f;f(x,y) dz exists Yy € [e,d] and f[a b x ] f(z,y) exists, then
Jianixiea (@ 9) = J! (f f(z,y)d )dy

Example 33.1. Let D = [0,1] x [0,1] C R?. Let f(z,y) = y*e™

f is continuous on D. Also y — f(z,y) continuous on [0, 1] for all z € [0,1] and x — f(z,y) continuous on [0, 1] for
all y € [0,1].

By our corollary, we have

33.3 1-D Fubini’s corollary with bounding functions

Corollary 33.2. Let ¢,v : [a,b] — R continuous with ¢(z) < (z) for all z € [a,b].

0]
Let D = {(z,y) € R,z € [0,], 6(z) < y < $()}.
Let ¢ < d such that ¢ < ¢(z) < ¢(z) < d for all z € [a,].
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Let f : D — R be bounded such that the set Dy € R? of its points of discontinuity has size zero, and, {y €
[e,d], (x,y) € Do} also has size zero as a subset of R!, for each € [a, b].

/sz/ab (/::)f(w,y)dy> du

Then f is integrable on D and

Figure 33.1: D is the area between x € [a,b] and ¢(z) < 1p(x). There may exist points of discontinuity (e.g. at x
in the diagram) but the region is still integrable.

Proof. D C la,b] X [¢,d] = I. Let f be extension by zero of f to I. Since Dy has size zero, by theorem 30.1 f is
integrable on I so f is integrable on D and
Li=17
D I

By our premise (where {y € [¢,d], (x,y) € Do} has size zero), for each x € [a,b] the function y — f(x,y) has
discontinuities on a set of size zero.
Thus y — f(z,y) is integrable on [c, d] for all = € [a,b] and

d ()
/ f(x,y)dy=/ f(z,y)dy
c ()

o= [ (L smar) o

Example 33.2. Let D = {(z,y) e R2,1 <2< 3,22 <y <2 +1}.

So by Fubini’s, we have
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Figure 33.2: D is the area between 22 and 22 + 1 and between x = 1 and z = 3.

We have

I
—
[}
8

34 March 28, 2018

34.1 Examples of evaluating integrals using Fubini’s theorem

Example 34.1. Let D be the subset of R? bounded by the planes t =0, y =0, 2 =0, and z +y + z = 1.
Compute [, f where f(x,y,z) =y (i.e. the “density” is ).
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Figure 34.1: The tetrahedron is our domain we want to integrate over.

Note that the domain of our variables for the region D is as follows, we we first fix an « value then derive the other
variables:

0<x<1
0<y<l-z
0<z<l—2z—y

(there are actually 3! ways to specify these domains depending on the order we express the variables).

Figure 34.2: The bounds between x and y.

By Fubini

1 l-x pl—ax—y
/f:// / y dzdydzx
D o Jo 0

Remark 34.1. A quick check to see if the order of integrals make sense is to see if the variables in the integral
bounds “disappear” by the last integral.
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1 pl—zx z=l-z—y
/ f :/ / (yz )dydx
D 0 0 2=0
1 11—z
=/ / (1—z)y—y?dydz
0 Jo

y=1—x
dz

y=0

Example 34.2. Find the volume of the region D lying inside the “elliptic” cylinder x? + 4y? = 4 above the x-y

plane and below the plane z = 2 + x.
We want to find Vol(D) = [, 1.

Figure 34.3: The region z? + 4y?> = 4 on the x-y plane.

Note that the base is an ellipse since z? 4 4y% = 4 = (%)2 + 12 4+ 1. We then extend this ellipse along the z axis.
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Figure 34.4: The ellipse extended along the z-axis.

Note that the plane is a function of only x. It is also not parallel to the x-y plane so our cylinder has a slanted top.

From our ellipse we see that

—2<x<2
2 2
1——<y< 1 - —
4_y_ 4

And of course from our plane and the x-y plane we have
0<z<2+z

Thus we have

1—— 2+
Vol(D // / 1 dzdydx
=
2 1—%
= 24 x)dydx
/_2/—,/1—€f( )

Z/Qm2+@vqjt;m
_4/ ﬁdx

1
:16/ V1 —u?du z = 2u,dxr = 2du
0

=47
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Example 34.3. Suppose we wanted to find the integral

Lol 1ol
///em dydxdz—//exy
0 z 0 0 z
1,1 s
://xem dz dz
0 z

It is hard (i.e. impossible) to find the explicit anti-derivative of ze” in terms of .
Fubini’s theorem says we can change the order of integration. Note that we had 0 < 2 <1 and z < x <1 from our
integral bounds. Let us express x first then find the bounds of z in terms of z,i.e. 0 <z <1 and 0 < z < z.

Thus we have
1 x 3 1 3 Z=x
/ / ze® dzdw:/ <xex z )dw
o Jo 0 2=0
1 3
—/ 22e® dx
0

y=c
dxdz
y=0

Wl Wl

34.2 Change of variables theorem

Theorem 34.1 (Change of variables theorem). Let U C R™ be open and non-empty. Let K C U be compact,
non-empty and sizeable. Suppose 1 : U — R" is in C*(U). Suppose 3 a subset D C K with u(D) = 0 such that

1. ¢ is injective
K\D

2. det((Dv)y) # 0 forall z € K\ D.

Then 9(K) is sizeable and for any f : ¢)(K) — RP which is continuous, then f is integrable on ¢ (K) and
[ 1= (roudetns)
Y(K) K
where fo : K — RP and |det(Dv)] is the “scaling factor”.

34.3 Cylindrical coordinates

Example 34.4. Note that the cylindrical coordinates on R3 are

x =rcosf
y =7rsinf
z2=2z
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where

0<r<o
0<6<2r

—o<z<X©

(there is some symmetry around the z-axis).

Figure 34.5: Cylindrical coordinates in the xyz R3 space.

Suppose we have
(z,y,2) =1(r,0,z) = (rcos,rsinb, z)
where ¢ € C*(R3). 9 fails to be injective on half-plane 6 = 0., which has size zero in R? (when restricted to any

compact subset).
We have

>

<

[
BESS
SESES R
SN

oz

[cos@ —rsinf® 0O
= [sinf rcosf O
0 0 1

where |det(D1)| = r # 0 except on set of size zero when r = 0 (when intersected with a compact subset).
The Change of variables theorem says if f : ¢¥(K) — R is continuous, then

/w(K)fsz(fow

So we use cylindrical coordinates if the region and/or the function being integrated becomes simpler.
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For example: suppose we want to find || p [ where f(x,y,2) = 22 + 4% and D is bounded by

24yt =1
2 +y? =4
z2=0
z=1
y=20
y=ux

Note that 22 + 32 = 2 in cylindrical coordinates.

Figure 34.6: Domain of our example.

So in cylindrical coordinates we have

o S =
IN 1A
> =
VAN VA

IN
w
IN

Thus we find (where f =72 and |det(Dv)| = r)

1T 2
/fz// /r2rdrd0dz
D 0 JO 1
2
=%/1 r3dr

™
=—(2'-1

6 )
_ 15
- 16
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35.1 Geomtric heurisitic of cylindrical coordinates

If we imagine that we change r, 0, z by a small delta in each direction for a given cylindrical coordinate point, we
see that it forms a small cube.

Figure 35.1: We take small deltas in each direction which forms small cubes we sum over.

When we integrate, we integrate over these small boxes to find our total volume.

Note that the base of the triangle is a rectangle with sides rAf# (r + Ar)Af, and Ar on the two other sides. Since
Ar and A# is small, then we have a base with area rArA#.

This is why dzdydz — rArA6Az (“infintesimal volume element”).

35.2 More examples with cylindrical coordinate

Example 35.1. Find the volume of the region above the paraboloid z = 22 + y? = r2. and inside the sphere
2?4+ 9?4+ 22 =12.
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Figure 35.2: The region is bounded by the paraboloid and sphere shown
These two surfaces intersect when z = 22 + y? > 0 and 22 4+ y? + 22 = 12. So

2 4+2-12=0

(z=3)(z+4)=0
z=3

Intersect is the circle of radius v/3 in the plane z = 3.
Thus the region D has bounds

So the volume of D is

2r V3 pV/12—12
Vol(D) = / / / 1rdzdrdf
0 0 r2

2 V3
:/ / r(V12 —r2 —r?)drdd
o Jo
V3
7r/ r(V12 —r2) — 3 dr
0

V3
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35.3 Spherical coordinates

Figure 35.3: Spherical coordinates with p, 8, ¢ against the xyz axes.

We have three axes in spherical coordinates:

p? - square of distance to origin p? = 22 4 y? + 22

0 - “longitude” Same as in cylindrical, angle from positive z-axis, 0 < 6§ < 2x
¢ - “latitude” Angle from positive z-azis, 0 < ¢ < w, where

e ¢ = 0 is the “north pole”
e ¢ = 7 is the “south pole”

e ¢ = 7 is the “equator”
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Figure 35.4: The z-axis with respect to p and r from cylindrical coordinates.

Note that from the triangle (derived by comparing with cylindrical coordinates), we see that r = psin 6, thus

z=pcosf
x =1rcosf = psin ¢ cos b

y =rsinf = psin¢sinf

thus ¥ (p, 0, ¢) = (psin @ cos b, psin @ sin b, p cos ).
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So taking the determinant of the derivative

[0z Oz Oz

5 %7

_ gy 9y 9y
det(Dv) = det 9p 96 00
9z 0z Oz

9p 96 00

[singcosf pcospcosh —psin@sind

=det |singsinf pcos¢psing  psingcost

cos ¢ —psin ¢ 0

=0+ p?sin ¢ cos? pcos?0 + p? sin® ¢ sin? 6 + p? sin ¢ cos? @ sin’ 6 + 0 + p? sin® ¢ cos? 0
= p?sin ¢ cos? ¢ + p? sin psin® ¢

= p%sin¢ 0<p<m sing>0

so |det(Dv)| = p?sin ¢.

35.4 Geometric heuristic of spherical coordinates

We can perform the same geometric analysis of spherical coordinates by taking small deltas in each direction of
0,0, ¢ and note that we end up with a small cube.

Figure 35.5: We take small deltas in each direction which forms small cubes we sum over.

The lengths of the base consists of a side of length pA¢ and (p + Ap)A¢, so we have a side pAdg.

Another side of the cube is simply Ap.

Finally the last sides has length rAf where r = |psin ¢| and psin(¢ + A¢). Note sin(¢ + A¢p) = sin ¢ cos(A¢) +
cos ¢sin(A¢) = sin ¢, thus we get for the volume to be approximatley p?sin pApAPAE.

35.5 Canonical examples of spherical coordinates

Note that for p constant, it is a sphere centred at the origin of that radius.
Note that for ¢ constant, it is a cone centred at the origin where 0 < ¢ < 3.
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Figure 35.6: When 0 < ¢ < 5 constant, we have the cone centred at the origin

For ¢ = § we have the circl on the x-y plane.

Figure 35.7: When ¢ = § constant, we have a circle on the x-y plane.

For § < ¢ < we have an upside down cone.
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Figure 35.8: When § < ¢ < 7 constant, we have an upside-down cone.

35.6 Examples of spherical coordinates

Example 35.2. Find [}, g where g(z,y,2) = 1 — /22 +y?>+22 = 1 — p and D is the region above the cone
z = %\/xz + 12 and inside the sphere 22 4+ y? + 22 = 1.

Figure 35.9: We compare the z value to r to find a bound for ¢.

Note that z = %r SO COs g = % thus ¢g = % (the angle from the z-axis of the cone).
The region of D is thus bounded by the cone and the sphere
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Figure 35.10: We want to find the bounds for the region bounded by the cone and the sphere.

Thus we have for the bounds of D

IN
IN

= owla Y

o o ©

VAR VAN

T o
IN

IN

Thus we have

/g_/%z / p)p*singdpdedh
—2w/3/ o — p¥)sin dpde
02 e

s
—6( COS(b)O
_z<1 1)
6 2
_7T
=12
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36.1 Idea behind change of variables formula

For the special case: F': U C R™ — R™ which is C1(U), one-to-one everywhere and (DF'), invertible for all z € U.
Each component Fj, : U C R® — R is in C*(U) hence differentiable. Note that

Fi(x) = Fi(a) + (VF;)(a) - (¢ — a) + Rio(2)
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where lim, _, }ﬁfﬂ%ﬂ) = 0 by Taylor’s theorem.

Let I be a box in R" with a as the “lower left corner”, i.e.
I= {a+t1€1+t2€2+...—|—tn6n ’ 0<t < lk}

where [, is the length of the kth edge of box.
Let R" D F(I) ={F(a+tie1 + ... +tyex} and x = a + t1e; + ... + tgep where t1eq + ... +
box). Note that the length \/t? + ... +12 < /I3 + ...+ 2. We thus have

Fi(z) = Fy(a) + (VEg)(a) - (tiex + ... + tnen) + Ri o)
In vector form we have
F1 (m) F1 (a) (VFl)(a) tl
= ] |+ Ra(w)
F,(z) F,(a) (VFE)(a)| |tn

Thus we have
F(I)={F(a) +t1(DF)4(e1) + t2(DF)q(e2) + ... + tn(DF)q(en) + Ro(x)}
and for I small .
F(I)~ {F(a) + > te(DF)a(ex) | 0 <ty < I}
k=1
Note that each (DF'),(ex) are linearly independent since (DF'), invertible for all z € U.

trex is small (small

Figure 36.1: The volume of the parallelpiped formed by the vectors of (DF})q(ex) and F'(a) approximates pu(F(I))

for small enough I.

From linear algebra, the volume of this parallelpiped is Iy - ... - I, multiplied by |det((DF)acei)...(DF)q(en))l.

Note that I3 - ... 1, is p(I) thus we have u(I)|det(DF),| for the volume and thus p(F(I)) = |
So if h: F(U) C R™ — R where h € C°(U) then

/F(I)h: /I(hoF)|det(DF)|

36.2 Fundamental thereom of calculus (FTC) for multiple variables

There is an analogous FTC in R" to the FTC in one variable: Stoke’s theorem.

det(DF)q|u(D).

MF is a subset of R” is called a k-dimensional submanifold if locally, it “looks like” an open set in R¥.
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The manifold boundary (not the same as set boundary) OM of M is a (k — 1)-dimensional submanifold.

On k-dimensional manifolds, the objects that can be “integrated” are called smooth k-forms where QF is the space
of smooth k-forms.

There exist a natural notion of differentiation d : QF — QFF! the exterior derivative (takes something integrable
on k-dimensional manifolds to something intergrable on (k + 1)-dimensional manifolds).

Stoke’s theorem: Let M be a k-dimensional, 9M be (k — 1)-dimensional manifold, dw € Q¥ and w € QF~!. Then

/ w:/dw
oM M
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